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ABSTRACT Classical population genetic theory generally assumes either a fully haploid or fully diploid life cycle. However, many
organisms exhibit more complex life cycles, with both free-living haploid and diploid stages. Here we ask what the probability of
fixation is for selected alleles in organisms with haploid-diploid life cycles. We develop a genetic model that considers the population
dynamics using both the Moran model and Wright-Fisher model. Applying a branching process approximation, we obtain an accurate
fixation probability assuming that the population is large and the net effect of the mutation is beneficial. We also find the diffusion
approximation for the fixation probability, which is accurate even in small populations and for deleterious alleles, as long as selection is
weak. These fixation probabilities from branching process and diffusion approximations are similar when selection is weak for
beneficial mutations that are not fully recessive. In many cases, particularly when one phase predominates, the fixation probability
differs substantially for haploid-diploid organisms compared to either fully haploid or diploid species.
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LASSICAL genetic theories generally assume either a fully
haploid (haplont) or fully diploid (diplont) life cycle (e.g.,
Crow and Kimura 1970). Organisms often exhibit more com-
plex sexual life cycles, however, with both free-living haploid
and diploid stages (haploid-diploid life cycle) (Mable and
Otto 1998). For example, marine macroalgae generally
exhibit an alternation of generations between a haploid-
gametophyte stage and a diploid-sporophyte stage (Bell
1994, 1997). Furthermore, haploid and diploid life stages
can differ substantially in morphology. For example, diploid-
dominant species (e.g., Laminariales) have large diploid spo-
rophytes and small haploid gametophytes, with the reverse
found in haploid-dominant species (e.g., Cutleriales multifida)
(Hirose 1975; Bell 1994, 1997).
Despite haploid-diploid life cycles being common in several
groups of organisms, classical population genetic quantities,
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such as the fixation probability and the effective population
size, have not been determined for haploid-diploid organ-
isms. The fixation probability is fundamental to predicting
the rate of adaptation of a species with an alternation be-
tween free-living haploid and diploid generations. It is also
important for predicting the ability of organisms to persist in
a changing environment and to predict how patterns of
molecular evolution depend on the life cycle. Indeed, a total
of 5480 articles mention the probability of fixation in a
genetic context [Google Scholar search, September 10,
2016: (“fixation probability” || “probability of fixation™)
(gene|/genetic||allele||mutation|mutant)], in contexts rang-
ing from the interpretation of sequence data, to the predic-
tion of quantitative trait variation, to the spread of disease
resistance, etc.

In addition, the fixation probability is needed to model
the evolution of the life cycle itself (i.e., the relative pro-
portion of haploidy vs. diploidy), when one accounts for
several of the complexities seen in haploid-diploid species
such as coexistence of haploids and diploids in a popula-
tion (e.g., Destombe et al. 1989; Hiraoka and Yoshida
2010) and differences in spatial distribution and dispersal
ability (e.g., Bell 1997). In a related article, we model the
dynamics of a modifier allele controlling the life cycle
(Mable and Otto 1998), explicitly tracking the demographic
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and spatial dynamics of haploids and diploids (K. Bessho
and S. P. Otto, unpublished data). This related work re-
quires the fixation probability in haploid-diploid species,
as derived in the current article.

Given the fundamental importance of the fixation prob-
ability in evolutionary theory, there is a surprising lack of
stochastic analyses describing the fate of selected alleles
with haploid-diploid life cycles, compared to the many
analyses on exclusively haploid or diploid life cycles (e.g.,
Crow and Kimura 1970; Ewens 2004). To fill this gap,
we develop genetic models that consider the population
dynamics for haploid and diploid generations, deriving
the fixation probability for a selected allele in such species.
These results are further evaluated by comparison to nu-
merical simulations.

Model

To calculate the fixation probability, we first extended the
classical population genetic models, the Moran model and
the Wright-Fisher (WF) model, to account for free-living
haploid and diploid phases. In these models, we track the
haploid and diploid population dynamics and changes in
allele frequencies under the assumption of a one-locus ge-
netic model with two alleles (resident allele R and mutant
allele M). We assume the following: (1) that the total pop-
ulation size N is fixed, (2) that there is an obligate alter-
nation of generations between haploid and diploid phases,
(3) that the species is monoecious with equal invest-
ment in male and female gametes, and (4) that mating is
random.

Because the number of individuals with genotype (GT)
is a Markov process over time in both Moran and WF
models, we let X(gr)(t) represent the number at time t as
arandom variable, and we let xgr) represent the realized
number in a given generation. The index (GT) indicates
the genotype of individuals or cells [(GT) = R or M
for haploids and (GT) = RR, RM, or MM for diploids].
Summed over all genotypes, the population size is
N (xg + Xy + Xrr + XrM + Xym = N). Parameters and vari-
ables in our model are represented in Table 1.

Moran model

In the Moran model, at every time step, death, reproduction,
fertilization, and recruitment occur. First, one individual is
randomly eliminated from the population in proportion to its
mortality rate dr). This individual is then replaced by a
birth. At reproduction, diploids produce haploid spores at
rate Bgr) [0 <Bgr)], and haploids produce female haploid
gametes at rate Bgr)/2 [and male gametes at rate Bgr)/2].
The female gametes can be fertilized with male gametes with
a fertilization success of f g7 [0 < f(gr) < 1], where we assume
that male gametes are not limiting. All haploid spores and
fertilized diploid zygotes are candidate reproductive cells to
replace the dead individual and are equally likely to be
recruited.
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Wright-Fisher (WF) model

We next consider a different type of population dynamics
using the WF model. In this model, all diploids produce
anumber w(gr) [0 <w(gp)] of spores, and haploids produce
wr)/2 female gametes [and wgr)/2 male gametes|. As
before, the female gametes are fertilized with male gametes
with a fertilization success rate of figr) [0 <figr) <1]. After
the end of each time step, all parents are eliminated from
the population, and the next generation is constructed by
randomly sampling N individuals in proportion to the
number of haploid spores and diploid zygotes produced
by the previous generation (see Equation D1).

Individual-based simulations

To check the accuracy of the analytical results, we simu-
lated the dynamics numerically. We started the system
fixed onthe R allele, assuming that the system hasreached
ecological and demographic equilibrium (i.e., in the ab-
sence of selection, see Appendix A and Appendix D for
details), with H = pM°4eIN haploids and D = pM°%°!N dip-
loids (rounded to have integer numbers of individuals)
and with ppodel — 1 — pModel giving the frequency of hap-
loids in the population (see Equation A8b for the Moran
model and Equation D2 for the WF model). Next, we
mutated one resident allele at random and simulated
until this allele was fixed or lost in the population. To
estimate the fixation probability, we repeated the process
and estimated the probability from the resulting fre-
quency of fixation.

Data availability

The analysis, numerical simulations, and scripts to gen-
erate the original figures were coded in Wolfram Math-
ematica 10 (Supplemental Material, File S1), available
for download from the Dryad Digital Repository (http://
doi.org/10.5061/dryad.n4k76).

Results
Fixation probability

Fixation probabilities in the Moran model using a
branching process approximation: We first develop a
branching process approximation (e.g., Haldane 1927,
Yeaman and Otto 2011) for haploid-diploid life cycle spe-
cies. Specifically, we calculate the fixation probability
of a single allele that appears in the haploid phase (geno-
type M), wM°"8 and the fixation probability for a single
allele that appears in a heterozygous diploid (genotype
RM), mMeran after which we calculate the average proba-
bility of fixation for an allele that appears randomly in any
individual. When using a branching process approach, the
fates of mutations in different individuals are assumed to
be independent of one another, which implicitly requires
that the population size is large and that mutant alleles
are lost or established while rare. Under these assumptions,
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Table 1 The variables and parameters in the Moran and WF models

Symbol Interpretation

qriviodel - (qModel) Fixation probability in the branching process approximation when the single mutant arises in haploids (diploids);

(1) for the Moran model and (D4) for the WF model

ug’lg,‘jg'j Average fixation probability from the branching process approximation; (2) for the Moran model and (5a) for the WF model
ulodel Fixation probability from the diffusion approximation; (4) with (3) for the Moran model and (7) for the WF model
Po Initial allele frequency; po = 1/{ ( pivodel | 2AM0d9'>}
N Total population size R X
H, (D) Number of haploids (diploids) at the population equilibrium; A = pM°%!N and D = pMedely
piodel - (plViodel) Equilibrium fraction of haploids (diploids) in the resident population; (A8) for the Moran model and (D2) for the WF model
den Mortality rate of an individual with genotype (GT) in the Moran model
lan Expected life span of an individual in the Moran model; kgn = 1/dGn
Ban Fertility rate of an individual with genotype (GT) in the Moran model
WGn Fitness of an individual with genotype (GT) in the WF model
fien Fertilization success rate of an individual with genotype (GT)
d Arithmetic mean mortality rate; d = (dg + dgr)/2
d Harmonic mean mortality rate; d = 2/<diﬁ+dim>
d Weighted mean mortality rate; d = drpy + drrPp
{3, (W) Weighted mean fertility rate in the Moran model, f”BR MOt 1 B (i = f’*W’*[)X,VF + wigpl" in the WF model)
f Average fertilization success rate for rare mutant gametes, f=(fat fM)/Z
dGn Expected reproductive rate of an individual with genotype (GT); ¢(6r) = B(sr)/d(ar)
b Expected reproductive rate of a haploid individual with genotype (GD con5|der|ng the cost of
sex; ¢y = fdyy/2 and g = frpr/2
S?GT) Selection coefficient of the parameters 6 € {f,8,d,w}
h? Dominance coefficient of the parameters 8 € {f,B,d, w}
sModel Average selection coefficient; shoran = 1 (Sf + s, +sﬁ/,) + 1 (s + s, for the Moran model,
and s = ( +5M) + s, for the WF model
NModel Effective population size relative to the diploid-only WF model; (8)
s’g”"de' Effective selection coefficient; (9a) for the Moran model and (10a) for the WF model
he""ode' Effective dominance coefficient; (9b) for the Moran model and (10b) for the WF model
XGn Number of individual with genotype (GT)
GG Number of haploid spores (A2) and diploid zygotes (A3) with genotype (GT)
dn Probability that an individual with genotype (GT) is eliminated from the population; (A1)
9Gn Probability that genotype (GT) is recruited into the empty site; (A4)

mModel - (/Model) First (second) moment of change in allele frequency; (3) for the Moran model and (7) for the WF model

Xan(d) Random variable describing the number of individual with genotype (GT) at time t
Pm Average allele frequency vveighted appropriately so that the dynamics of weak selection depend only on the
allele frequency; py = /R+/wp’" + ,R+/RRpD for the Moran model, and py, = py + 3pp for the WF model
: . _ /2)+
P (Pp) Allele frequency in haploids (diploids); py = 24— and pp %
8p Difference in allele frequencies between haploids and diploids; 6, = pp — px
Py Frequency of haploids in the entire population; py; = (xg + xm)/N
Fp Departure from Hardy-Weinberg in diploids; Fp = 1 — m M%

we obtain approximations for the fixation probabilities
(Appendix B):

77,%oran =- ¢M¢RM¢_ d’RdeR i (1a)
dydrv + 51\ PrORR
77_%)/[oran =- (bequ_M j d)RdiRR : (1b)
dybrv + 2001/ drORR
where we define the expected reproductive rate
$er) = B(er)/d(cr), the average fertilization rate for mutant

gametes f= (fx+fur)/2 (averaged over cases where the mu-

tant is carried by the sperm and when it is carried by the
egg), the expected reproductive rate of a haploid mutant
éy = fby/2, and the expected reproductive rate of a haploid
resident ¢ = frepp /2. Observe that the expected reproductive
rate of haploids is scaled by the average value of f¢r) for the
combining gametes divided by two, which accounts for the
costs of sex (specifically for the possibility that not all female
gametes are fertilized and for the fact that haploids must invest
half of their reproductive resources in male gametes, which are
unable to reproduce on their own). Equations 1a and 1b apply
as long as the fixation probabilities 77; and 7rp are positive,
which occurs when the average mutant fitness is greater
than the resident, where the relevant average across the
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haploid-diploid life cycle requires fepdpy > fadrPrr. This
condition agrees with the invasion condition in a determin-
istic model (K. Bessho and S. P. Otto, unpublished data).
When haploids and diploids have similar reproductive rates
(¢ & dbpyr), the fixation probability of a mutation appearing
first in a haploid tends to be larger than a mutation appearing
first in a diploid (srMoran > gMoran) “hecause all of the haploid
mutant offspring bear the mutant allele, whereas only half of the
offspring of an RM diploid do. As the cost of sex rises, however
(¢by; declines relative to ¢y, ), the probability of fixation becomes
increasingly more likely when the mutant first appears in a dip-
loid, thereby delaying this cost.

The average fixation probability of a new mutation that
arises uniformly at random among the individuals present in
the resident population, u}%2%  can then be defined as:

branch’
~Moran ~Moran
u]l;/[orarll1 _ PH II\_;[oran + 2pp %Ioran
ranch — ~Moran ~Moran ~Moran ~Moran ’
Pr " +2pp Pr " +2pp
(2)
~Moran \/Brrdrr . el
where = —Y % = ____ is the equilibrium propor-
P N q PTOP

tion of haploids in the resident population (A8b) and where
the “2” accounts for the fact that diploids carry two alleles
that could have potentially mutated. Equation 2 allows the
fixation probability to be calculated for arbitrarily strong se-
lection, but it will be accurate only as long as the fixation
probabilities (1) are not negative.

Fixation probabilities in the Moran model using a
diffusion approximation: Next, we derive the fixation prob-
ability of a selected mutant allele in a haploid-diploid pop-
ulation using Kolmogorov’s backward equation, given the
first and second moments for the fluctuations in allele fre-
quencies. This diffusion equation provides an adequate
approximation for the fixation probability even for small
populations and deleterious mutations (e.g., Kimura 1957),
unlike a branching process approximation. Rather than ana-
lyzing the genotype frequencies, x(sr), we transform the
model into a new set of variables that allow us to perform a
separation of timescales, assuming that selection occurs on a
slower timescale and that ecological and demographic
processes rapidly bring the system to a “quasi-equilibrium”
(see Appendix C). This approach allows the dynamics of the
mutant allele to be described by moments that depend only on
the parameters and the current allele frequency (Appendix C).

Specifically, we let the allele frequencies in haploids
and diploids equal py = xu/(xg +xu) and pp = (rm/2 +
Xam )/ (Xrr + Xrm + X ), respectively, and focus on the fol-
lowing new variables: the difference in allele frequencies
between haploids and diploids 6, = pp — py, the frequency
of haploids in the population py = (xg + xu)/N, the depar-
ture from the Hardy-Weinberg principle in diploids

— 1 _ 1 XRM -
Fp=1 Tl o) T and the allele frequency av

eraged across ploidy levels and weighted by the expected
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life span (ligr) =1/dr)) of haploids and diploids

v = ZR%RRPH*' lle’;RRpD. Only with this weighted allele fre-
quency is it possible to separate the timescales so that the
leading-order change in p,, is independent of the other var-
iables (Appendix C). This averaging also corresponds to
weighting by the reproductive value of each class (Taylor
1990).

To perform the separation of timescales, we assume selection
is weak by first defining the following selection [s7)] and dom-
inance (h) coefficients: fi; = fr(1 —l—sfw), By = Br(1+ sﬁ),
Brur = Bra(1 + 5kar)s Bt = Bra(1 + ), du = dr(1 = s),
drv = drr(1 — sby,), danr = drr(1 — sy,), hB = sby, /sb,, and
hd =sd,,/s&,. We then assume weak selection by setting
s((’GT) = &E?GT) (0 € {f,B,d}) for each life history parameter,
where ¢ is a small term.

The fast-scale dynamics can be tracked by determining
changes in the system to leading order (¢ =~ 0), assuming that
selection alters these dynamics only over a longer period of
time. Doing so, we find that the system rapidly approaches a
quasi-equilibrium state where there is a similar allele frequency
in haploid and diploid populations (8, ~ 0), the fraction of
haploids is approximately py; = pr°™", the population is nearly
at Hardy-Weinberg (Fp ~ 0), and the allele frequency does not
change (Apy =~ 0) (see Appendix C and File S1). We then
calculate the average change in allele frequency to leading
order, which requires that we keep linear-order terms in ¢
and which accounts for selection (Appendix C and File S1).

Furthermore to leading order, the second and higher moments
of the change in allele frequency are the same as for the neutral
case (i.e., when R and M are equivalent, dropping all terms in-
volving ¢). Consequently, we derive the second moment for the
change in allele frequency using the diffusion limit (N — o)
when selection is absent (Appendix C and File S1), which allows
us to determine the variance effective population size for this
model. We also confirmed that the third moment goes to zero in
the diffusion limit for the Moran model, justifying the use of a
diffusion approximation (Karlin and Taylor 1981, p. 165).

Using the first and second moments for the expected change
in the frequency of mutant alleles, mM°™" and vM°" we can
calculate the backward equation for the fixation probability
with an initial allele frequency po, uYig™2 (po) (Appendix C):

Moran
diffusion __ 0

dpo

Cuen
— —diffusion 4 p,Moran 1,

,  (3a)
dp?

m (pm) = 3 )
(3b)

Pua(1 = pur) | (/o™ + 2(drn /)]
4 ﬁ}\_l/loran ﬁgloran ’

(30

vMoran ( PM) _
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and syioran =1 (S% b+ sl‘\j,[) + 1 (shy + 58y) is the average

selection experienced by a rare allele across haploid and
diploid stages. Here, we scale time as described in Appen-
dix C and define the arithmetic mean mortality rate as
d = (dg + dgr)/2. Under the diffusion approximation, selec-
tion is assumed to be weak and of order O(1/N), in which
case both mMeran and yMeran gre of O(1) when we take the
diffusion limit (N— o). Solving Equations 3a-3c with the
boundary conditions, u}iede! (0) =0 and ulgdd (1) =1,
we then obtain the fixation probability for any diffusion
process (Crow and Kimura 1970, p. 424):

Model _ (I))O eXp[*ZQ(p')]dp'

Ugiffusion (P0) = 1 — (4a)
iffusion fo exp[—ZQ(p )]dp
with Q(p) = %g&’)dp. When a mutation arises at random

on a single chromosome within the population, the expected
initial allele frequency is:

lR 1 p%oran

= ZR n lRR FI ﬁ%oran +2 ﬁ}\)/loran
N lRR iA 2 ﬁgloran
ZR + lRR 2D ﬁ}\_l/loran + Zﬁgloran
1

= 7 4b
N( f)}\{/[oran +2 f%/loran) ( )

Po

again weighting the allele frequency in each ploidy phase by
its longevity.

Fixation probabilities in the WF model using a branching
process approximation: We next develop the fixation proba-
bilities uyt , and ulF. . using the WF model, again applying
both branching process and diffusion methods (Appendix D).
The branching process approximation yields a pair of
coupled nonlinear equations in m};¢ and 7))¥ (Equations
D4a and D4b), which can be solved numerically to obtain
the fixation probabilities for an allele appearing at random
within the population when selection is strong:
~WE

WF PH WF

~WF
" _ ” 2pp WF
branch — ~WF ~WFE “"H
Py +2pp

- “WE "D
" +20p"

; (5a)

where now the fraction of haploids in the resident population

is given by p}J* = %ﬁ

ness, we have written the fitness of a resident haploid con-
sidering the cost of fertilization and sex as wg = frwr/2.
We can also approximate the fixation probabilities m};*
and ¥ explicitly when selection is weak. To do so,
we define wy = wg(1 +s)), waw = Wrr(1 +sky,), Wy =
wrr(1 +sypy), and hY = sg,,/spns, Where again we assume
weak selection by setting s?/GT) = ;—;E‘{’GT) for small ¢. To leading
order in ¢, the fixation probabilities for an allele initially in a
haploid individual or in a diploid individual become:

(see Equation D2). For compact-

~ ~WF
AW 2WRWRR oWE ___4Pp o, owE
H V~VRWRR Jr“% \/M ave i)%vp +2ﬁ%VF ave’
(5b)
~ ~WF
2 WF 2WRWRR WF _ Zp# ogWF
D e+ 2w P+ 25T
(50)

where the average selective effect for a rare allele in the

WF model is defined as sWF =1 (S;M + s}&) + 1sw,. Plugging

ave — 2

Equation 5b and (5c¢) into (5a), we have

~WF ~WF
WF 8py Pp
Upranch &~ (

—PH P> oWE 6
A+ 20"

ave-

This branching process approximation is valid only for muta-
tions whose average effect is beneficial (s'5 > 0).

Fixation probabilities in the WF model using a diffusion
approximation: We also derive the fixation probability using
a diffusion approach, u¥ff .. . finding the appropriate drift
and diffusion coefficients for use in Equation 4a. Again, we
sought a transformation of variables that allowed a separa-
tion of timescales, such that the leading-order term in selec-
tion depended only on the parameters and the allele
frequency. For the WF model, where all parents die each
generation, the appropriate definition of the average mutant
allele frequency is pys = (pu + pp)/2 (Appendix D). Applying
the separation of timescales, we obtain the drift and diffusion
coefficients:

_ Npm(1 = pw)[25ie +m(1 = 21")si ]

m"¥ (pyr) 5 , (7a)

pm(1 —pm) (PVP\IIF + 2/3%”:)

WF
v M) = ~ =
(pw) 8p1 D"

; (7b)

where time is measured in units of N generations (see
Appendix D for the derivation). Equation 4a then gives
the fixation probability, with the initial allele frequency
po = 1/[N(p}¥ + 2p}F)] for a mutation appearing at ran-
dom on a single chromosome within the population. In
contrast to the branching process approximation, this fix-
ation probability can be calculated for both beneficial
(sWE > 0) and deleterious (s"f < 0) mutations, but assumes

ave ave
that this selection is weak.

Effective genetic parameters: To compare the fixation
probabilities derived above to classical results for fully
haploid or fully diploid populations, we define the vari-
ance effective population size (NM°d¢!)| selection coeffi-
cient (sModel) and dominance coefficient (hM°de!) that

would give the same fixation probability obtained by a
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Figure 1 The fixation probability on a log scale for different values of s¥9%! from the (A-C) Moran model and (D-F) WF model, allowing for different
selection coefficients in (A and D) haploids or selection and dominance coefficients in diploids (remaining panels). Inset panels present the same results
on a linear scale when sg/'vgde‘ = 0. Curves give the branching process results allowing for strong selection [red; Moran from (2) with (1); WF from (5a) with
(D4)], the weak-selection approximation to the branching process [black dashed; Moran from (13b); WF from (13a)], and the diffusion approximation

[blue; Moran from (4a) with (3); WF from (4a) with (7)]. @ indicates the fixation probability estimated from 10,000 numerical simulations, with intervals

indicating the Wilson score 95% C.I. Parameters: (A) sb, =2sMoan and o8 =P —0; B) s¢, =0, s, = 25Moran,

e, and h" = 0.5; (F) sy = 0, s, = 2s™ and h* = 1. Other parameters:

ave
B

RM ave?

= 2sMoran and hf = 1; (D) sy = 259 and s¥, = 0; (E) sfy = 0, s, = 2s,

and hf =0.5; (C) s, =0,

ave’?

N =100, fr = 0.5, Bz = Bz = 1000, dg = dgg = 0.005, wg = wgg = 1000, and s}, = s, = s&,, = s3,, = O, such that the fraction of haploids in the

resident population is pMode = 2/3.

diffusion approximation in the diploid WF model, a classi-
cal standard for comparison.

We first define the variance effective population size using
the number of diploid individuals in a WF model that would
exhibit the same allele frequency variation for a haploid-
diploid species by defining N} /N = py (1 — pur)/ (2vh1%!)
(Ewens 2004). Note that N, would be the census size N in
the diploid-only WF model but N/2 in the haploid-only WF
model, because we use the diploid WF model to define the
effective parameters. From the diffusion approximations
above, we find:

2 ﬁMoran ﬁMoran
Né\/loran = E AMoril ° 1\ ~Moran N’ (Sa)
(dr/d)pg ™" + 2(drr/d)pp

~WF ~WF
WFE 4py Pp

© 2"

that is typically observed in the Moran model com-
pared to the WF model (e.g., Otto and Day 2007,
p- 583 and p. 643).

We next consider the effective selection and dominance
coefficients. To do so, we define s. and h. as the selection
coefficient and the degree of dominance in the classic dip-
loid WF model, in which the drift term for the change in
allele frequency is Apy = sepm(1 — pu)[he + (1 — 2he)pu]
(see Crow and Kimura 1970). Note that the drift term
obtained for haploid-diploid populations per generation
(mMedel /N') has the same functional form with respect to py
(see Equation 3b and Equation 7a). Consequently, we can
find s, and h, from the pair of equations describing the changes
in allele frequency when py; = 0 (Apm/[pm(1 — pum)] = Sehe)
and when py = 1 (Apm/[pm(1—pum)] =se(1—he)),
obtaining:

[(1— 208 ) sl + (1~ 209 )i

Note that the variance effective population size is gMoran _ o Moran (92)
. R X e ave P ’
substantially reduced in populations where one of the
. ~Model . ~Model i
phases is rare (pg°°® ~ 0 or pp°°® ~ 0), reflecting the ogMoran
increased amount of drift that occurs in that phase in ~ pMoran — ave , (9b)

species with a strict alternation of generations. When
the death rates are equal (dg = dgrr = d), N}SV“’“‘“ is half
NYF reflecting the higher variance in reproductive success
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4slgl‘llcéran + [(1 — ZhB)SBMM + (] — 2hd)slf\1/[M}

for the Moran model, and
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Figure 2 The fixation probability of a fully recessive
allele in the (A) Moran model and (B) WF model
for different values of s)ode!. Other parameters: N =
100, fr = 0.5, Bz = Brs = 1000, dg = dgr = 0.005,
Wg = Wgg = 1000, and sb, = s& =sf, =% =sd, =

s34 = 0. See Figure 1 for further information.
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4sWE + (1 — 2h")shp,
for the WF model. For an additive beneficial allele
(h* = h? = " = 1/2), we have sMoran — ggMoran | (WF _ gWF
and hYeran = pWF — 1 /2.

Given the above definitions for the variance effec-
tive population size (N.), the effective selection coeffi-
cient (s.), and the effective dominance coefficient (h.),
we regain the fixation probabilities derived above,

Model  from the fixation probability in the classic dip-
loid WF model (Kimura 1957, 1962; Crow and Kimura
1970, p. 427):

It exp[ 2Nese{(2he — 1)p’(1
fo [~2Nese{(2he — 1)p’(1

_pr) +p/}}dp'
—p')+p'}dp’
(11)

u*(po) =

For arbitrary dominance, the result must be numerically in-
tegrated, but for additive mutations (h* = h¢ = ¥ = 1/2),
we have:

0 exp [ 2Né\/[odelslg/lodelprj| dp’
fo exp [_ 2Né\ﬂodelslédodelp '] dp'
1-— exp [_zsgllodelNéVIodelpO]

= . (12)
1-— exp [_ ZSeModel Ng/[odel]

M del
dlf?fllglon (Po) =

Assuming weak positive selection on an initially rare
mutation (sMedelNModelp) ~ 0) in a large population
(sModelyModel > 1) we obtain the classic approximation to
the fixation probability, uligdel (pg) ~ 2sModelyModelp, The
result is the same as that obtained using branching process-
es if we assume weak selection, as given by Equation 6 for
the WF model:

WF ~ SPH pD
ubranch ~ Udiffusion™ ( WEF 2
pH" +20p )

and by taking the Taylor series of Equation 2 to leading order
in selection (&) for the Moran model:

WF
2s ave’

(13a)

SMM

02 0.3

uMoran ~ uMoran
branch ~ “diffusion

8 ~Moran » Moran

~ (ﬁ%oraﬂ + Zﬁ%[oran) [(dR/d)p}\_I/Ioran + Z(dRR/a)ﬁg/Ioran}

Moran
ave

(13b)

We next turn to numerical analyses of these equations to
better understand how the fixation probability depends on life
history parameters of haploids and diploids.

Comparisons to numerical simulations

Similar haploid and diploid life histories: We first consider
the accuracy of these analytical approximations by com-
paring the fixation probability to numerical simulations
when the life history parameters are equivalent between
haploid and diploid residents (Br = Brr and dr = dgg for
the Moran model, wg = wgg for the WF model). This sce-
nario may be appropriate for isomorphic species with mor-
phologically similar haploid and diploid stages (e.g., the
green alga Ulva, the brown alga Dictyota, the red alga
Chondrus, etc.).

In Figure 1, we illustrate the fixation probability for the
Moran model (A-C) and WF model (D-F) as a function of the
average selection experienced by a rare allele, sMo%! where
selection acts only in the haploid phase (Figure 1, A and D;
s8) or in the diploid phase (remaining panels; s5, and h?),
assuming for 51mp11c1ty that selection acts only through fer-
tility (s =sd =s? =sd =0). Figure 2 represents the fixa-
tion probablhty for dlfferent values of shiodel when selection
does not act on the allele while rare (i.e., the allele is fully
recessive in diploids and has no selective benefit in haploids,
sg’i‘gde] = 0) in the Moran (A) and WF model (B). In Figure 3,
we illustrate how the fixation probability varies for a given
total number of individuals, N.

The branching process approximation allowing for strong
selection (solving numerically for u}M°™1 from Equation 2 and
ut . from Equation 5a with Equation D4) accurately pre-
dicts the fixation probability from numerical simulations re-
gardless of the strength of selection (red curve, see inset
panels of Figure 1), but this method is valid only when the
population size N is large and the average effect of a rare
mutation is beneficial, ¢y,dpy > drdrr, failing when there
is no selection on a rare allele (Figure 2). As expected, ap-
proximating the branching process results for weak selection
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Figure 3 The fixation probability for differ-
ent population sizes (N) from the (A and B)
Moran model and (C and D) WF model,
plotted as a function of (A and C) selection
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in haploids, and (B and D) selection in
diploids with N = 10 or 100. Parameters:
(A) b, =2sMoren and & =B =0; (B)
=0, sb =2sMoan and P =0.5; (C)
___.  Sw=2sNt and s, = sp, = 0; (D) sy =0,

s, = 2sF and h" = 0.5. Other parameters:
fr = 05, Bp=Ps=1000, dr=dpm =
0.005, and s}, = s¢, = s, = sy, = 0. See

Figure 1 for further information.

00 005 0.1

(Equation 13) is accurate only when selection is weak (black
dashed line in Figure 1).

By contrast, the diffusion equation (4a) with drift and
diffusion coefficients (3) for the Moran model and (7) for
the WF model provides a good approximation as long as
selection is weak (Figure 1, Figure 2, and Figure 3, blue
curves), even when the average effect of a rare mutation is
not beneficial and/or the population size is small. Also, the
diffusion well approximates the fixation probability when
the mutation is fully recessive and has no effect in haploids
(Figure 2), which is a case that cannot be handled by the
branching process approximation because the fate of the
allele is not determined while it is rare.

Because we have assumed equal death rates for haploids
and diploids, the fixation probabilities behave similarly for
the Moran (Figure 1, A-C) and WF models (Figure 1, D-F),
except for the fact that the fixation probability is approxi-
mately halved in the Moran model, uff ... ~ 2u¥igr2t  due
to the difference in N, (see Equation 8).

Different haploid and diploid life histories: We next con-
sider the fixation probability in organisms whose life histories
differ between haploid and diploid stages (Bg # Brr, dr # drr
for the Moran model, and wy # wgg for the WF model), as
would be appropriate for heteromorphic species (e.g., the
green alga Derbesia, the brown alga Macrocystis, the red alga
Porphyra, etc.). Again, both the branching process and diffu-
sion approximations work well under the conditions assumed
during their derivation (Figure 5). This figure also compares
the results to classical haploid-only or diploid-only models,
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0.05

01 015 02
WF

showing that the fixation probability in a haploid-diploid
population differs dramatically as the frequency of haploids
vs. diploids in the population varies.

We first discuss the case where the mortality rates of
haploids and diploids are equivalent (dgr =dgr). With
equal death rates, haploids and diploids have the same
expected life span in the Moran model, as is assumed in the
WF model where all individuals die at each time step. In
this case, the fixation probability of beneficial mutations
with weak selection and a large population becomes

. Moran ~Moran
Moran _ _ 8PP M
yMoran — Wsav‘g“ for the Moran model and
WF 8ol oy WF . .
u"t = e 2500 for the WF model, using either branch-

T e
ing processes or a diffusion approximation (Equation 13). We
next compare these fixation probabilities for haploid-diploid
populations to the classic results for selection only in hap-
loids (Moran: sy = s, /2 + 55, + s&: WF: sy = s,,/2 + s%) vs.
selection only in diploids (Moran: sp = sk, +sd,;; WE:
sp = Spy), assuming selection is additive.

The fixation probability (13) reaches a maximum of
uMoran — (s +sp)/2 for the Moran model and u"'F =
(sg +sp) for the WF model when ﬁ%o‘iel = 2/3 (Figure 4).
When haploids comprise two-thirds of a haploid-diploid pop-
ulation, there is an equal number of alleles present in hap-
loids and in diploids, which maximizes NM°%!p, (minimizing
drift for a newly arisen mutation), thereby maximizing the
fixation probability for a given total number of individuals. At
this maximum, the fixation probability (Equation 13, black
dashed curve in Figure 4) is the average of the fixation prob-
ability in a fully haploid population (sy for the Moran model



fully haploid or diploid

Figure 4 The fixation probability

as a function of the fraction of hap-

- ~ loids in the population (pMode!).
2 The fixation probability is measured

p ) relative to the average selection
coefficient experienced by a

rare allele (uModel/sModely in (A)

the Moran model and (B) the

WF model. The horizontal gray

dashed lines give the fixation
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d J

1777.78, 250, 11.08}. Selection parameters are fixed at 55, = s& = s =s» = 0.1, s}, =s¢, =9, =sZ, =0, and h8 = h" = 0.5, with fz = 0.5,
Brr = Wgr = 1000, and dg = dgr = 0.005. See Figure 1 for further information.

and 2sy for the WF model) and in a fully diploid population
(sp for the Moran model and 2sp, for the classic diploid WF
model). In Figure 4, we explore a case where the fixation
probability is the same in haplont and diplont populations
(grey dashed curve), in which case the fixation probability
in a haploid-diploid population under weak selection (13) is
only the same if two-thirds of the population is haploid (black
dashed curve). The simulation results tend to fall slightly
below this expectation, however, due to the small population
size and relatively large selection coefficients assumed (black
dots in Figure 4).

When the fraction of haploids departs from two-thirds,
however, the fixation probability decreases dramatically (Fig-
ure 4), reaching zero when most individuals are haploids
(pModel 1) or diploids (pM°%! ~ 1). This sensitivity to the
relative proportions of haploids and diploids occurs because
the new allele must be carried by both haploid and diploid
individuals, in alternating generations, in a haploid-diploid
population. Hence, when the ratio of haploids to diploids in
the population is very skewed, the strength of random genetic
drift is increased in whichever ploidy phase has fewer
individuals.

We next allow the mortality rates of haploids and dip-
loids to differ as well (dg # drr). As seen in Figure 5A, we
again find that the fixation probability approaches zero
whenever the ratio of haploids to diploids is extremely
skewed ([J}‘{’“’de] near zero or one). With mortality rates
varying between the ploidy levels, however, the peak fixa-
tion probability no longer occurs at pH°™" = 2/3. As a con-
sequence, increasing the mortality rate of haploids relative
to diploids may increase or decrease the fixation probability
of a beneficial mutation, depending on the overall popu-
lation frequency of haploids. In Figure 5B, we illustrate
the parameter space within which the fixation probability
in a haploid-diploid population is larger than in a fully
haploid and fully diploid population (red), or smaller
than the two (blue), as a function of the frequency of
haploids (x-axis: pM°™") and the relative mortality rate
of haploids (y-axis: dr/(dr + dgr))-

At an intuitive level, beneficial alleles are better preserved
and more likely to fix when the more common ploidy phase
also has the lower mortality rate, allowing alleles to remain in
this phase for longer.

Ploidally antagonistic selection: In this section, we consider
cases where selection acts in opposite directions in haploid
and diploid phases (ploidally antagonistic selection). The
above derivations have not made assumptions about the
sign of selection in each phase, although the branching
process approximation assumes that the fixation probabil-
ities in (1) are both positive. To assess the robustness of
these approximations when selection acts in opposite di-
rections in haploids and diploids, we set sj;, = 0.2 + z and
oy = — 2 (sModel = 0.1) for 6 € {B,w} and varied the de-
gree of antagonism (z) in Figure 6.

The diffusion approximation (blue curves) applies only
while selection in both phases is weak. The diffusion approx-
imation depends only on the average strength of selection (see
Equation 3b and Equation 7a) and fails to capture the large
oscillations in allele frequency that occur between haploid and
diploid phases when z is large.

The branching process does, however, capture the decline
in the fixation probability that occurs as the oscillations in
selection across haploid and diploid phases increase in mag-
nitude. When ploidally antagonistic selection becomes very
extreme, however, selection no longer favors allele M when it
becomes common. We can measure selection on M once com-
mon as the difference in fitness of M-bearing vs. R-bearing
individuals relative to the now common genotypes, MM and
M3l ) 3 (g
phases. Selection only remains positive in Figure 6,
favoring M when it becomes common, if z falls
between —0.377 and 0.177. Beyond these points, the branching
process begins to break down because the loss or fixation of M is
no longer decided while it is rare. Indeed, once z extends
beyond —0.432 and 0.232, both alleles M and R can invade
when rare according to the branching process approximation
in both the Moran and WF models. Beyond these values, we

- 1), averaging across the two
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Figure 5 The dependence of the

1.0 fixation probability on the mortality
rates in the Moran model. (A) Panel
14l 08 is equivalent to the weak-selection
’ approximation shown in Figure 3A
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(x-axis) and dg/(dg + drg) (y-axis). The blue region indicates when the fixation probability is less than

that for both a haploid-only and diploid-only population (uMorn /sMoran < 1.0). The red region indicates the region when the fixation probability is higher
than both a haploid-only and diploid-only population (1.0 < yMeran /sMoran) “See Figure 1 for further information.

expect ploidally antagonistic selection to maintain polymor-
phism for extended periods of time [see bottom of Figure 6, A
and B, in File S1; the stochastic analog of the protected poly-
morphism identified by Immler et al. 2012].

In the WF model, a further complexity arises because of the
fact that a mutation that appears in a haploid will only be in
diploid offspring, haploid grand-offspring, etc., because of the
assumption of completely nonoverlapping generations. This
alternation can lead to the situation where the entire pop-
ulation is composed of M haploids and RR diploids, fol-
lowed in the next generation by R haploids and MM
diploids; continuing to alternate until the population hap-
pens to lose one genotype or the other. At that point,
allele M tends to fix only when its geometric mean fitness

is higher: \/%WMWMM > %WRWRR, which requires z < 0.122.
Because M is now in a different context, finding itself in MM
diploids that are disfavored when z is positive, the branching
process fails to capture the probability of fixation for large val-
ues of z.

Overall, we find that our results continue to apply with
ploidally antagonistic selection as long as selection in each
phase is weak for the diffusion approximation and the fate of
an allele is decided while it remains rare for the branching
process approximation.

Discussion

Sexual organisms often exhibit complex life cycles alternating
between different ploidy phases, with free-living haploid and
diploid individuals. We develop a genetic model explicitly
considering the population dynamics of haploid and diploid
individuals by generalizing classical genetic models: the
Moran model and the WF model. Using a branching process
and a diffusion approximation, our work is the first to derive
the fixation probability for organisms with haploid-diploid life
cycles.
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The fixation probability obtained by using branching
processes (Equation 2), um‘;ﬁ% provides a good approxima-
tion to our simulation results when the average effect of a
mutation is beneficial (s¥°4! >0) and the total population
size N is sufficiently large, as long as ploidally antagonistic
selection is not so strong that the allele becomes deleterious
as it rises in frequency. On the other hand, the fixation prob-
ability from the diffusion approximation (Equation 4a),
uliedel s accurate for both deleterious and beneficial mu-
tations for both small and large populations, but only when
selection is weak in each phase.

When average selection is weak, additive, and positive, and
when starting from a single mutation, the branching process
and diffusion approximations converge to Equation 13a for
the WF model and Equation 13b for the Moran model. When
the mortality rates are equal in haploids and diploids, the
fixation probability reduces in both models to:

8 f)}\{/[odel ﬁyodel

Model __
u = 2
( ﬁ[l\—/[[()dd +2 ﬁDModel)

Model .Model
C Save

14)

where CYF = 2 for the WF model and CM°®" =1 for the
Moran model; reflecting the increased stochasticity in
the Moran model, which samples both individuals to die
and to give birth (all parents die in the WF model). Equation
14 demonstrates an important aspect of the fixation proba-
bility in organisms with free-living haploid and diploid
phases: beneficial alleles are less likely to fix in populations with
skewed ratios of haploids to diploids (ﬁ}‘{’bdel near zero or one).
This contrasts with classical results for haplont or diplont pop-
ulations (Crow and Kimura 1970), where the other ploidy
phase is assumed to be effectively infinite (no drift).

The “average effect” of selection, which averages selection
across reproduction, fertilization, and mortality for both
haploid and diploid phases, plays a key role in the fixation
probability in haploid-diploid populations. Mutations can
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Figure 6 The fixation probability with ploidally
antagonistic selection in the (A) Moran model
and (B) WF model, plotted as a function of the
degree of ploidally antagonistic selection, z,
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have deleterious effects at one ploidy level, but not the other,
and still be beneficial overall. Alternatively, such ploidally an-
tagonistic selection can maintain polymorphism (Immler et al.
2012). In that case, the diffusion model can also be used with
the mean and variance components derived here to obtain the
time to loss of one or the other allele, or the stationary distri-
bution, as well as the fixation probability.

Our results in a haploid-diploid population offer an in-
teresting comparison to models with separate sexes (e.g.,
Crow and Kimura 1970; Hill 1979; Pollak 1990; Caballero
1995) or two patches (e.g., Maruyama 1970; Whitlock and
Barton 1997; Whitlock 2003; Yeaman and Otto 2011). Con-
sider first the case with separate sexes. To see the connection
it is instructive to recalculate the variance effective popula-
tion size using the method described in Crow and Kimura
(1970), rather than the more formal derivation in Appendix
D. In a population with two sexes consisting of M adult
males and F adult females (both diploid) with allele
frequencies ps and po, the average allele frequency among
offspring is (ps+po)/2 and the variance in allele frequency is
[Var(ps) +Var(po)1/4. This in turn equals }1 % + % 1%,
assuming similar allele frequencies in the two sexes
(ps = po = p). Setting this to the variance expected in
the classic diploid WF model without separate sexes,
p(1—p)/(2Ne), we obtain the variance effective popula-
tion size Ne = 4MF /(M + F) (Crow and Kimura 1970). For
X-linked genes, the average allele frequency within the pop-
ulation is instead (ps+2po)/3, so that the expected variance

is % ‘% + % ‘% (note there is only one allele in males),
yielding Ne = 9MF/(4M + 2F). One might initially assume
that a haploid-diploid population would have a similar var-
iance effective population size to an X-linked gene, but this
is not the case. With a strict alternation of generations, a
gene spends half of the generations in haploids and half in
diploids, so the average allele frequency is (pg + pp)/2 (now
averaged over the alternation of generations), giving a var-
iance in allele frequency of % w + % p(lz.—gp) and a variance
effective population size of N, = 4HD/(H + 2D) (Equation
8b). This is most similar to the two sex, autosomal model
but with M = H/2 and F = D. In both cases, descendants
have an evolutionary history spent half in one type (males
or haploids) and half in the other (females or diploids),

0.00k . . . . . . .
05 04 03 02 0.1 00 01 02 5/‘{” :Sg/\/l :SgAM = 0. See Figure 1 for further

Z information.

and the variance effective population size is sensitive
to low numbers of either type. As a consequence, N
is maximized in the haploid-diploid model when the
phase with fewer genes (haploids) is relatively common
(H/(H + D) ~ 0.586), whereas N, is maximized in the sex-
linked model when the phase with fewer genes (males) is
relatively rare (M/(F + M) ~ 0.414).

The haploid-diploid model can also be thought of as a two-
patch model, sharing similarities with models of subdivided
populations (e.g., Tachida and lizuka 1991; Gavrilets and
Gibson 2002; Yeaman and Otto 2011). In the classical island
and stepping stone models, the fixation probability in a sub-
divided population is the same as that in an undivided pop-
ulation of the same total population size (Maruyama 1970).
This assumes, however, “conservative migration,” where each
population contributes to the dynamics of a metapopulation
according to the local population size and where migration has
no effect on the local population size (Whitlock and Barton
1997; Whitlock 2003). The haploid-diploid model, however,
does not exhibit conservative migration. Rather, all haploids
become diploids and vice versa (equivalent to a migration rate
of 100% in the WF model). When one population is smaller
(say haploids), that population has a much larger impact on
the dynamics of the whole population because the larger pop-
ulation (say diploids) descends entirely from it. Consequently,
as we have shown here, the fixation probability of a haploid-
diploid population does not obey Maruyama’s result for a
single population, either haploid or diploid, with the same
total number of individuals (Figure 4 and Figure 5).

By deriving the fixation probability for haploid-diploid
populations, this work has extended classical population ge-
netic results to organisms with an alternation of generations,
allowing a better understanding of the role of stochasticity and
drift in such species. Given that a large number of genes are
expressed during both the haploid and diploid generations
(Coelho et al. 2007), the theoretical framework developed
here also allows for the integration of selection of these
“shared” (pleiotropic) genes across the life cycle.
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Appendix A: Change in Allele Frequency Within a Haploid-Diploid Moran Model

The Moran model is a Markov process where the state of the population at time t + 1 can be treated probabilistically given the
frequencies of all genotypes, x(sr), in the previous time step. At each time step, a single individual is chosen to die and one is
chosen to give birth, so that the population size remains constant.

We first choose an individual to die, weighting the chance that each type is eliminated by its mortality rate. Thus, the
probability that an individual with genotype (GT) is eliminated from the population is

3 dGr)X(GrT) _ (AD)
(@T) drxr + dyxy + drrXrR + dryviXry + dvivXvm

We then replace that individual with a birth chosen randomly from all of the spores and zygotes that could be produced by the
remaining population at time t. Because we assume a large population size, we assume that the change in genotype frequency
due to the death in this time step is negligible for common genotypes (this assumption is not made in the simulations or for rare
genotypes in our analysis). The probability that a haploid spore is recruited is then proportional to the rate at which diploids
reproduce by meiosis to produce either R- or M-bearing spores:

X
cr = B + P, (A20)
_ BruvXrMm
M = BymXmm + 5 (A2b)

Given that resident and mutant gametes are produced at rates gg = Bgxr/2 and gy = Byxm /2, respectively, and accounting for
the probability of fertilization, the probability that a diploid zygote is recruited is:

fr Bax3

JR R (A3a)
2 BrXr + BpXm

CRR =

_ frtfu BrBuXrXM

, A3b
2 Brcr + B (A3D)

CRM

fu Biw
oMM = — 20—, A3c
"M 2 Bt + By (A3
Overall, the probability that genotype (GT) is recruited into the empty site is:
()
CR + Cp + CRR + CRM + CMM

d(Gr) = (A4)

To derive the first moment of mutant allele frequency fluctuations, we calculate the conditional expected value for the change in
any function F of the random variable as

E[AF(f(t))R(t) - 7’] - E[F(X’(t +1) - F(X )X (1) = 7’] (A5)
where X (t) = [Xz(t), Xu (), Xrr (t), Xaur (), Xoma (6)]7 and X = (xr, Xor, Xrr, Xrar, Xt ) -

Using Equation Al and (A4), the expected change in the number of individuals with genotype (GT),
AX(GT)(t) :X(GT)(t + 1) _X(GT)(t) is:

E[AX(GT)(f)’f(t) = ?] = (1 - d(GT))q(GT) —der) (1 - q(GT)) = q(e1) — d(GT)> (A6)

Note that Equation A6 can be rewritten as

Yer) ~ der)X(r)
Ndmean '

E[Axm)(t)\?(t) - ?} - (A7)
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where y = (drxg + duyXm + drrXrr + drvXem + dvvXvmr) / (Cr + cv 4 Crr + Crv + cunr) and dimean = (drXr + dyXr + drrXRR+
dryiXrm + dMMXMM)/N-

These expected changes in genotype frequencies can be used to track the dynamics of the system and determine its
equilibrium properties.

Equilibrium

When the mutant allele is absent, the resident population approaches an equilibrium with A haploids of genotype R (xz) and D
diploids of genotype RR (xgr), with stochastic fluctuations around this point. Assuming the population size is large (dropping
terms of order 1/N), we can solve for the equilibrium number of haploids and diploids,

f = poranN and b — plorany, (ASa)
using (A7), which yields ¥BgzD — drH = 0 and % = (dgrH + dgrD)/[(frBrH/2) + BrgrD], to obtain the frequencies:

ﬁMoran — \% BRRdRR and ,A)Moran _ V fRBRdR/2 (ASb)
f V/frBrdr/2 + /Brrdrr b /frBrdr/2 + /Brrdrr

Equation A8b emphasizes the fact that haploids are most common when diploids reproduce and/or die at a higher rate, and vice versa.

Appendix B: Fixation Probability in the Haploid-Diploid Moran Model Using a Branching Process
Approximation

To derive the fixation probability of a mutant allele, we first apply the branching process approximation for a two-patch model
(e.g., Yeaman and Otto 2011). Because the fate of a mutant allele is assumed to be determined while it is rare in a branching
process approximation, we ignore homozygous MM mutants and consider only the change in number of haploid mutants X,
and diploid mutants Xg;;. As in Appendix A, we assume that the life cycle consists of the death of a single individual, followed by
the birth of an individual from the pool of haploid spores and zygotes that could be produced at that time step. In this birth step,
we again assume that the population size is large enough that we can ignore the small change in q(¢r) that occurs following the
death of an individual with one of the common genotypes.

When a single haploid mutant appears in the resident population, the numbers of individuals are x,; = 1, xg = H — 1,
XRR = ﬁ, and xgy; = Xy = 0. When a single diploid mutant appears in the resident population, we have xg = H , Xy = 0,
xgr = D — 1, Xz = 1, and xpn = 0. Plugging these into Equation A1, the probabilities that a mutant individual is chosen to die
are:

~ d ~ d
dyip = &II\:I] and dryp = &Rlilw7 (B1)

where d = drpy + drrpp (assuming the population is large) and otherwise residents are sampled to die (ie.,
EIM‘H =1- EzR‘H — &RR|H and &RM‘D =1- EIR‘D - EiRR‘D), We add “|H” or “|D” to the subscript to clarify that we start with one
haploid or one diploid mutant individual.

When a single haploid mutant appears in the resident population, the expected number of zygotes is:

_ feBr(H=1) _BpH-1) _ fatfu BeBu(E 1) _fuBy B isloi ; i
CRRIE = "5 BR(EI— i, CRMIH =3 BRR(HM_ iy and cyyy = "5 N jlvi)+BM' Because the diploid population consists

solely of RR individuals, the rate of production of haploid spores is: cgr = BrgD and cyy = 0. Because N is assumed to be very
large in a branching process approximation and homozygotes are rare, the probability that the sampled offspring will be of
genotype (GT) given by Equation A4 is approximately:

(fr +fm)Bu
~ IRTIMPM 504 ~0, B2
qrM|H 25N qvmm|H (B2)

where B :ﬁe%i)%oran + BRRﬁg[oran. )

When a single diploid mutant appears in the resident population, we have cggpp = frBrH/2, crmp = cmmip = 0,
Crpp = BRR(f) —1) + (Brw/2), and cyp = Bry/2. Because N is large and homozygous mutants rare, the probability that a
mutant offspring is sampled is:
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dupp =~ BI}M' (B3)

Let 7o)y (7o) equal the probability that a mutant allele introduced into a single haploid individual with genotype M (single
diploid individual with genotype RM) is lost from the descendant population at some point in the future. Assuming that its fate
is determined before the homozygote mutant MM appears, that the population is at demographic equilibrium, and that the
probabilities of loss are independent of each other; these probabilities satisfy the law of total probability, accounting for all
possible death-birth transitions:

T\ = aM\H + C~1R\H (1 - qRM\H) moiH + EiR|HqRM\H7TO|H7TO\D + &RR|H (1 - qRM\H) o + aRR\HqRM\HWO|H7TO\D (B4)
when starting with one initial M haploid, and
oD = aRM|D + aRR\D (1 - qM\D>7TO|D + &RR\DqM\DW0|H7TO\D + aR\D (1 - qM\D)'”'O\D + &R\DqM\DWO\HWmD (BS)

when starting with one initial RM diploid. The probabilities of fixation are then defined as the chance that loss does not occur:
g = 1 — mop and 7y p = 1 — 7opp. Recalling the branching process assumption that the fate of the allele is determined while
the mutation is rare, the probability that a single mutant allele is chosen to die (a(GT)) or reproduce (q(gry) remains roughly

constant during this period. The pair in Equation B5 can thus be solved to give the fixation probabilities:

~ dyiud
qRM‘H (1 B dM‘H) B QM\DI‘(/I‘IH—Rg;‘:/nD)
T1H = - = , (B6a)
qrM|H (1 - dM\H) + dyin
3 e
qQupp (1 —drmpp ) —
mp = ( ) arvp (1 dMH). (B6b)

dMp (1 - aRM\D) + aRM\D

Because the population size is very large, the probabilities of death or recruitment of a mutant dys JH> drut /D> Qm/p, and qry/y are
very small. Hence, the fixation probabilities are well approximated by:

Moran __ AMD9RM|H — dM\HdRM\D

TH = ) (B7a)
am|p (qRM|H + dM\H)
— dyud
W}\)/Ioran _ qrM|HAM|D M|H RM\D' (B7b)

qrM|H (QM\D + &RM\D>

Plugging (B1), (B2), and (B3) into (B7) along with the frequency of haploids among residents, (A8b), we obtain (1).
Furthermore, we can apply a Taylor expansion in ¢ to Equation 1, assuming weak selection. Specifically, we plug (A8b) into
(1) and rewrite ¢gr) and ¢gr) in terms of the life history parameters and the mutant’s effect on those parameters

<e.g., fm=1r (1 + sj{f,) =fr (1 + a§1fw)> Carrying out the Taylor series, the fixation probability is then approximately

Adnpp Moran
W[B_;Ioran ~ RRPD SI;/‘Iloeran , (B8a)
dR i)%[oran +2 dRR ﬁ}\)floran
2drb Moran
77_%\)/Ioran ~ RPH Moran. (B8D)

~ ~Moran ~Moran “ave
drppr " + 2drrpp
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Plugging (B8) into (2), we have (13) for the weak-selection approximation to the fixation probability based on branching
processes in the Moran model.

Appendix C: Fixation Probability in the Haploid-Diploid Moran Model Using a Diffusion Approximation

To derive the fixation probability from a diffusion approximation, we begin by deriving the first and second moments for the
expected change in mutant allele frequency.

Separation of Timescales

Because the total number of individuals is held constant at N, dynamics for X(cr, are described by four variables. Transforming
the original system of Equation A7 into the new variables, py, 8p, py, and Fp, we have equivalent dynamics for the expected
changes in the new variables. Applying a separation of timescales (e.g., Nagylaki 1976; Otto and Day 2007), we then calculate
the slow dynamics for the change in frequency of mutant alleles py;. The details of the calculations are given in a supplementary
Mathematica file (File S1).

Let f, represent the expected change in each variable (n € {pum, 6p, py, Fp}) across one generation given the current state of
the population:

E[An(t)|X (¢) = %] = fu (&, P01, 8p, pp1, F ). @)

The exact functional form for each variable is provided in File S1.
To approximate the above with weak selection, we apply a Taylor series expansion in ¢ to Equation C1. To constant order
[O(1)], we have:

fpm<07PM78p7PHaFD> :gPM(pH)8p7 (Cza)
f8p<07PM76paPHaFD> :gﬁp(pH)5p7 (C2b)

2Brrdrr (1—py)* — frBrArPF;

— C2
N{drpr + drr(1 — prn)} SrBron + 2Bra(1 — pr)} (G20

fPH(OavaspvavFD)

fFD(OapM76p7pH7FD) :gFD(vaapvavFD)7 (CZd)

(see detailed form of the g, functions in the File S1). We assume that the population rapidly reaches a quasi-equilibrium
according to these equations, which are independent of selection (¢ = 0) and reflect ecological dynamics and the approach to
Hardy-Weinberg. Solving for this quasi-equilibrium by setting Equations C2 to zero, we have the steady state approximations:
8, = Fp = 0 and py = pyy, which gives f,,,, (0, pu, 8y, py, Fp) = 0 for any py,. Consequently, the population quickly approaches a
state where there is a similar allele frequency between the haploid and diploid population (§, ~ 0), a Hardy-Weinberg ratio in
the diploid population (Fp = 0), and a haploid-to-diploid ratio close to that in the resident population given by Equation (A8b)
(py = py)- We refer to this as the quasi-equilibrium, to emphasize the point that the dynamics will still change slowly due to
selection.

After the state of the population approaches this steady state, the variables change over a longer timescale due to selection
[6, = Fp = O(¢) and py; = py + O(e)]. To derive these slow dynamics, we set 8, = 8,¢, Fp = Fpe, and py = py + pye in Equa-
tion C1 and perform a Taylor series expansion around ¢ = 0, now keeping O(¢) order terms. Doing so, we find that the change
in allele frequency represents a closed variable system that does not depend on the dynamics of the other variables to this
order:

Qo

pu(1 = pa){ 253 4 pur [ (1= 208 )by + (1= 20 si |}

E[Apu(8)| X () = ) &~ MY (pyy) =

where the weighted mean mortality rate is d = prdr + ppdrr and the harmonic mean mortality rate is d = 2 (i + ﬁ)

Appropriate Weight for the Average Allele Frequency py,

When we transform the variables using different allele frequency definitions, the dynamics of the allele frequency did depend on
the other variables to O(¢). That is, defining the average allele frequency as py; = apy + (1 — a)pp with an arbitrary weighting,
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a, onlya = lr/(Ir + [zr) (as used above) allows the allele frequency dynamics to be independent of the other variables to O(¢)
(see File S1).

Deriving the Second and Third Moments

To derive the backward diffusion equation, we need both the second and third moments of change in mutant allele frequencies.
Because we assume weak selection, we derive the second and third moments from the leading-order dynamics where the allele
R and M are equivalent (dr = dy, drr = drvt = At Br = Burs Brr = Bru = By, and fr = fur). As described above, to leading
order, the system rapidly approaches a state where the allele frequencies are similar between haploids and diploids, diploids
are at Hardy-Weinberg, and the frequency of haploids is py;°™". In the following, we assume that these steady state relation-
ships hold.

We define the change in mutant allele frequency when an individual with genotype (a) dies and is replaced by an individual
with genotype (b) as

Ir XM ke (%nm/2) +Xim
IR+ 1gr xg +x31 IR+ [RR XBR + XRM + XM

Apa%b = _pM7 (C4)

where the number of the genotype that died decreases by one [x3) = X(q) — 1], the number of the genotype that was born
increases by one [x}) = Xx(3) + 1], and the number of all other genotypes remains the same [xr) = x(Gr) when (GT) & {a,b}]. We
can ignore the case where an individual is replaced by an individual of the same genotype because that causes no change in
allele frequency. For example, when a haploid resident is replaced by a haploid mutant [(a) =R and (b) = M|, Ap can be

i — ke CwHl) L lg (Ru/2)HXum
described as Apg.m = Irt+lrr (g — 1)+(ar+1) + Ir+rR XRRFXRM+FXMM

C3, we can define the expected moments of change in mutant allele frequency through a series of twenty terms:

— pu, and this event occurs with probability drqy,. Using Equation

E {(APM)k’?(t) = ?} = drqu APk .y + dRGRRADE e+ + AvMARM AP — R (C5)

Transforming variables x(gr) into pum, 6p, py, and Fp, taking 8, = Fp = 0 and py; = prem™: transforming the timescale by a new

time variable 7 =t/{N?(d/d)} and Py(7)=pu[N?(d/d)t], where the change in this transformed time variable is
N2 NZ)g — N2 Qo

in mutant allele frequency

At = (ﬂ - L)Td = 1 4. and taking the limit as N — o, we have the expected second moment for the instantaneous change

vMoran(pM) _ lenw Ea, |:(PM(T + A7) PM(T))2:| |

At
. (C6a)
_ 3 dR ﬁll\éloran +2 dRRﬁD oran 1
= pum(1 —pm) Moran ~Moran ﬁ’
PH  PD
and the expected third moment:
P AT)—P 3
Jim_ By, | U A0 ZPu(7) ] =0. (Cob)

The diffusion equation is then described by the backward Equation 3a with the first moment from Equation C3
[mMoran = N2(d /d)MMer] and the second moment from Equation C6a. The details of these calculations are described in File S1.
Appendix D: Fixation Probability in the Haploid-Diploid WF Model

Here we apply the branching process and diffusion approximation to obtain the fixation probability of a mutant allele in the
WF model.

Equilibrium

In the WF model, the offspring generation is formed by sampling randomly from the spores (cg = wrrXgg + 22551,

Cv = WanpXyy + 22291) and zygotes (cpp =% S cpy = ity e o fn M
M = WMMXMM P 33 RR = "2 wpxg+wapar? “RM = 727 wpxptwaar? MM T2 W+ wavoar

) produced by the previous
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generation of adults, who all die. Letting q(gr) = “ten) be the probability that a reproductive cell of genotype (GT)

T CR+CMHCRRHCRMACMM
is sampled to occupy an empty site at the recruitment step, the expectation for change in the number of individuals of

genotype (GT) is:
E[AX(GT)(I)] = Nq(gr) = X(G1)- (D)

Equation D1 is based on the multinomial distribution and assumes that the number of spores and zygotes is large relative to N, so
that sampling is nearly with replacement.

In a large population, the equilibrium fraction of haploids can be found deterministically by solving Nqzg — D = 0 and
Nggr —H = 0 (recalling that xg = H, xgg = D, and H +D = N). The equilibrium in a resident population then satisfies
H = pyN and D = pi*N, where:

piE = VR and pYF = _VIRWR/Z (D2)
H VfrRWr/2 + /WRR b VfrRWR/2 + /WRR

When we derive the fixation probability, we assume that the frequency of haploids remains near this equilibrium.
Despite ignoring fluctuations in the frequency of haploids, we find that the fixation probability remains accurate (e.g.,
Figure 1).

Branching Process Approximation

Because the branching process approximation focuses on mutant alleles while they are rare, we again only consider the change in
the number of haploid mutants X, and diploid heterozygotes Xz

When a single haploid mutant appears in the resident population, the expected fraction of offspring produced by this parent is
qrMiH = 2%, where the first “2” accounts for the fact that RM offspring can be formed when the mutant serves as the
mother or as the father; where f = (fz + fir)/2 is the average fertility, which gets divided by two to account for the cost of sex;

and where we define w :f%a? + wrrppt = fRW"% Similarly, when a single diploid mutant arises in the resident

population, the expected fraction of M haploid offspring it produces is qup = 524, where the “2” here accounts for the
segregation of M alleles into only half of the haploid spores produced by an RM diploid.

Although sampling in the WF model follows a multinomial distribution, the sampling distribution for a rare mutant is
approximately Poisson in a large population (as assumed in a branching process approximation). The probabilities for loss would

then satisfy:
1— g = Py (NqRM‘H) P (NqRM‘H) (1—mp) + P, (NqRM|H) (1=mp)2 + -, (D3a)
1—ap =Py (NQM\D> +Pq (NQM\D) (1—my)+P (NqM\D) (1—m)® + -, (D3b)
where P, (A) = (\ke™ /k!) is the Poisson probability of producing k offspring. Using the Taylor series expansion for the

= [Ng(1—)]*
exponential function {exp [INg(1—m)] = ZM} we can rewrite (D3) as:

— k!
1—my = axp(—ﬂ'DNqRM‘H) = axp(—frp fv;/M), (D4a)
1—7p= axp<*7THNqM‘D> = exp(fmq V%) (D4b)

Assuming that the fixation probabilities 7 = 7ry¢ and 7p = 7pe¢ are small under weak selection, applying the Taylor series
expansion, and ignoring the third order terms, O(e*), we have
w 2fxWrsY, + fRWRS, 2w
H%fRARﬂ_D_"_ fRWRSy AfR RMWD_fRAzRW]?)y (D5a)
2w 2w
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2
WRR WRRSH, w
Tp % ——TH + ZWRM Ty — 86}; 7T12_I. (D5b)
W

Solving (D5) and dropping O(e%) terms in the solution gives Equation 5 for the fixation probability in the WF model under weak
selection using a branching process approximation.

First Moment of Change in Average Allele Frequency

As with the Moran model, we next apply a separation of timescales to describe the first moment for the change in mutant allele
frequency. First, we transform the variables, using the same definitions for the Moran model (py, 8y, py, Fp), except that the
average allele frequency is defined as py; = (py + pp)/2. [Again, we set py; = apg + (1 — a)pp and found that the only value of
the weighting term a that caused the change in allele frequency to be independent of the other variables to leading order in
selection was a = 1/2.]

We then calculate the expected change in each variable, f, (¢, pm, 8, py, Fp), assuming weak selection. To constant order (no
selection), we find:

pr(OapM78pvPH7FD) = O; (D6a)
f5p<07PM76p7PHaFD) = = 28p7 (D6b)

2wrr(1-pp)* — frwrpf;
fewrpp + 2wrr(1 — pp)’

fpy(07PM>5p7PH,FD) = (D6C)

fFD(O7pM58PapH7FD) = —Fp. (D6d)

Consequently, the system rapidly approaches the quasi-equilibrium, §, = Fp = 0 and py; = py (see Equation D2), after which
the system slowly changes according to selection. Taking the next term in the Taylor series O(¢), we find that the change in
mutant allele frequency is:

_ pum(1 = pum) [2s% + pur(1 — 2R")sin]

E[Apu (1) X (1) = %] ~ M (pur) > :

(D7)

which does not depend on any of the other variables, to this order. That is, the system of equations has been reduced to one
variable describing selection. Equation D7 provides the drift coefficient for use in the diffusion Equation 4a. The drift in allele
frequency is driven both by the average selection acting on allele M and the nonadditive effects of selection on the homozygous
MM genotype once the mutant allele frequency becomes common.

Second Moment of Change in Average Allele Frequency

We next derive the diffusion coefficient for use in Equation 4a, which can be derived to leading order by ignoring selection, as
in Appendix C (see supporting information in the File S1).

We assume that the numbers of both haploids and diploids are large and focus on the sampling properties of mutations
within each of these two pools, ignoring the impact of the small fluctuations in the frequency of haploids around the quasi-
equilibrium H. Focusing first on the haploid pool, haploid offspring are sampled according to a binomial distribution,

Xu(t + 1) ~ Bin(qum, H) with gy = cu/(cr + cu). Ignoring terms of order ¢, the first and second moment of change in the number
of mutant individuals among the population of haploids are then:

E[AXy| X (1) = X] = EXy(t + 1)| X () = X] —xy = H5), (D8a)
E[(AXM)Z‘Y’(Q - ?] - E[XM(t ¥ 1)2‘2’@) - ?] — 2E[Xy (¢ + 1)|X (t) = Xpow + x4 = Hpp(1—pp) + H'82,  (D8D)

where py = xu/H, pp = (Xra/2 +xamr)/D, and 8, = pp — px.
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We next consider the pool of diploid offsprmg Because the number of 1nd1v1duals in the next generation depends on a trinomial
distribution, we have E[Xpu(t+ 1)|X( ) —_2c] Dqgu, EXm(t + 1)\X X] =Dqum, EXu(t+1) ’X( )=X]=
Daru(Dqrv + 1 — qru), and  EXymi(t + 1)*|X (¢) = %] = Dqumr(Dqus + 1 — qMM): where qry = crm/(Crr + CRM + CMM)
and quu = cum/(crr + “CRM + cum). Furthermore, because the random variables are correlated, we have

X (t + DX (¢ + 1)|X (£) = X] = D(D — 1)qruquan-

Using these and ignoring terms of order ¢, the expected values for the first and second moments of change in the number of

mutant individuals among the diploid offspring pool are:

E[AXpm(8)| X (t) = ] = D{2pn(1 — pr) — pru}. (D9a)
E[AXym (£)| X () = X] = D(pF — pum). (D9b)
E[ (A% (6))2[X (¢) = %] = D*(@rw — pran)? + Daran (1 = Gran), (D90)

= D" (qum—pmm)* + D (1 — quama), (D9d)

E[(AXRM(t))(AXMM(t)”f(t) = ?} = DZ(QRM — prm) (qQvm — Pvnt) — Dqrm Qo (D%e)

These genotypic frequencies can be used to obtain the change in mutant allele frequency among diploids by calculating the
change in the random variable Yy (t) = Xgm(t)/2 + Xy (t). From (D9), we have

E[AYy (0)| X (1) = X] = — D8, (D10a)

E [(AYM(t))Z‘?(t) - ?} _pPrlop) | p2e (D10b)

To consider the change in mean mutant allele frequency across the entire population (combining haploid and diploid pools), we

calculate the first and second moment of change in allele frequency: Zy (t) =% X“;{(t) +1 Y”;) [recall that we defined the allele
frequency as (py + pp)/2 to isolate the dynamics of the allele frequency from the other variables]. Assuming the changes in
mutant allele frequency in haploid and diploid populations are nearly independent in a large population [AXy,(t) L AYy(t)], we

have the first and second moments for the change in allele frequency to constant order in ¢ :

E[AZy(t)|X (t) = X] ~ 0, (D11a)
E[(azu(0)?[X (1) = %] = L (po(—pp) | pu1—pr) (D11b)
mit 4N\ pIF 200F )

We transform timescales using the time variable = t /N and the allele variable Py (1) = Zy(NT) (Otto and Day 2007). Taking
the limit as N— o, we then obtain the diffusion coefficient for a neutral allele from Equation D11b,

vWE(py) = Nlim Ear [W} We also have the drift coefficient from Equation D7 (m"¥ = NM"WF). Furthermore, be-

cause the difference in frequency of a mutant allele between the haploid and diploid pools is very small (8, ~ 0 so that
DPm = Pp = PH), we have the diffusion coefficient, Equation 7b. With the drift and diffusion coefficients in hand, the fixation
probability for the WF model can be readily calculated using standard methods (Karlin and Taylor 1981).
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