
© Princeton University Press, all rights reserved

1

Supplementary material to:

Chapter 14: Analyzing Discrete Stochastic Models

From:

A Biologist’s Guide to Mathematical Modeling in Ecology and Evolution

S. P. Otto and T. Day (2005)

Princeton University Press

Supplementary Material 14.1:  Using branching processes to describe the expected number

of cases over time

Let’s suppose that we have a general branching process starting with one individual,

where the probability of an individual producing j offspring is given by some arbitrary

distribution, 

€ 

P X = j( ) . Let the number of offspring produced by an individual have a mean of

€ 

E X[ ] = µ , a variance of 

€ 

σ 2, and a probability distribution described by the moment generating

function 

€ 

φ z[ ] , where 

€ 

φ z[ ] = P X = j( )ez jj=0
∞∑  (Appendix 5).

Suppose that N(t) denotes the number of copies at time t. The probability distribution for

this random variable is defined by its own moment generating function:

€ 

MFGN t( ) z[ ] = P N(t) = n( )ez nn=0
∞∑ . (S14.1.1)

The mean value, M(t), of the branching process at time t is then given by equation (A5.4):

 

€ 

M t( ) = E N(t)[ ] =
d MGFN t( ) z[ ]( )

dz
z=0

(S14.1.2a)

and the variance, V(t), by

€ 

V t( ) =Var N(t)[ ] =
d2 MGFN t( ) z[ ]( )

dz2
z=0

−
d MGFN t( ) z[ ]( )

dz
z=0
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. (S14.1.2b)



© Princeton University Press, all rights reserved

2

To evaluate expressions (S14.1.2) we need to figure out what the moment generating function for

the number of copies will be. This can be done by deriving a recursion equation that relates the

moment generating function for N(t) to that for N(t – 1).

Again, the Law of Total Probability (Rule P3.8) enters as an invaluable aid because we

can use it to relate the population size at time t to that at time t – 1:

€ 

P N(t) = n( ) = P N(t) = n |N(t −1) = m( )P N(t −1) = m( )m=0
∞∑ . (S14.1.3)

Plugging (S14.1.3) into the moment generating function (S14.1.1) for N(t), we get:

€ 

MFGN t( ) z[ ] = ez n P N(t) = n |N(t −1) = m( )P N(t −1) = m( )m=0
∞∑j=0

∞∑ . (S14.1.4a)

Equation (S14.1.4a) can then be re-arranged by changing the order of the summation to obtain

€ 

MFGN t( ) z[ ] = P N(t −1) = m( ) eznP N(t) = n |N(t −1) = m( )n=0
∞∑m=0

∞∑ . (S14.1.4b)

At this stage, the summation on the far right can be simplified by noting that the probability of

the population being at size n at time t, given that it was at size m in the previous time step,

equals the probability that the sum of m independently drawn values of the random variable X is

n.  Only then will m parents produce n offspring.  The factor 

€ 

eznP N(t) = n |N(t −1) = m( )
n= 0

∞

∑
can then be identified as the moment generating function for this sum of m random variables.

According to Rule A5.1, the generating function for the sum of m independent random variables

is the product of their moment generating functions. As a result, we have

€ 

eznP N(t) = n |N(t −1) = m( )
n= 0

∞

∑ =

€ 

φ z[ ]m .

We are nearly there. Equation (S14.1.4b) can now be written as

€ 

MFGN t( ) z[ ] = P N(t −1) = m( )φ z[ ]mm=0
∞∑ . (S14.1.5)

Inspect the right-hand side of equation (S14.1.5). It looks similar to the summation in the

moment generating function (S14.1.1), except that it describes the probability distribution for N(t
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– 1) rather than N(t) and that 

€ 

φ z[ ]m  appears instead of 

€ 

emz . We can re-write (S14.1.5) in a form

that is even closer to a moment generating function by noting that

€ 

φ z[ ]m = exp lnφ z[ ]m( ) = exp m lnφ z[ ]( ) :

€ 

MFGN t( ) z[ ] = P N(t −1) = m( )em lnφ (z )m=0
∞∑ . (S14.1.6)

Equation (S14.1.6) is now in the form a moment generating function for N(t – 1), but with

€ 

lnφ z[ ] as the argument rather than z:

€ 

MFGN t( ) z[ ] = MFGN t−1( ) lnφ z[ ][ ]. (S14.1.7)

Equation (S14.1.7) is the key to calculating the mean and variance of the branching process over

time, because it provides a recursion for the moment generating function of the number of

copies.

First, let’s put this recursion to work to find the mean value of N(t) from (S14.1.2a):

€ 

M t( ) =
d MGFN t( ) z[ ]( )

dz
z=0

=
1
φ z[ ]

dφ z[ ]
dz

d MGFN t−1( ) z[ ]( )
dz

 

 

 
 

 

 

 
 
z=0

= µ M t −1( )

, (S14.1.8a)

using the fact that 

€ 

φ 0[ ] =1 for any moment generating function, and that the means given by

(S14.1.2a) for the moment generating functions 

€ 

φ z[ ]  and 

€ 

MGFN t−1( ) z[ ] are 

€ 

µ and M(t–1),

respectively.  Equation (S14.1.8a) is equivalent to the exponential growth model that we have

seen many times before.  Solving it gives the mean population size at time t starting from a

single individual,

€ 

M(0) =1:

€ 

M(t) = µ t . (S14.1.8b)
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The variance can be calculated in a similar fashion. Problem S14.1 asks you to derive the

following recursion equation for the variance of N at time t, using equation (S14.1.2b) with

(S14.1.7):

€ 

V (t) =σ 2M(t −1) + µ2V (t −1) . (S14.1.9a)

Substituting equation (S14.1.8b) for M(t) gives

€ 

V (t) =σ 2µ t−1 + µ2V (t −1) . (S14.1.9b)

Equation (S14.1.9b) can then be solved to obtain the variance in the number of copies over time

(Problem S14.1):

€ 

V (t) =

σ 2 t for µ =1

σ 2µt−1 1−µt

1−µ
for µ ≠1

 

 
 
 

 
 
 

. (S14.1.9c)

In principle, the recursion (S14.1.7) for the moment generating function can be used to derive

and solve for even higher moments of the distribution of N(t).

Let’s now consider an example where we can put these results to use. Consider a disease,

like measles, that is unable to spread within a particular city because most people are vaccinated.

For every individual that has the disease, there will be, on average, µ = R0 new cases, where R0 is

known as the basic reproductive number of the disease.  Figure S14.1.1 shows the mean number

of cases expected over time when R0 = 0.9.  Although the mean declines steadily, the variance

increases before declining, because there is some chance that the disease will strike many

individuals, even though it is not expected to.  The larger the variance, σ2, due to differences

among individuals in disease severity and/or behaviour (e.g., contact rates), the greater the

chance that a large outbreak will occur.
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Figure S14.1.1: Expected number of cases of a disease.  The number of individuals with a
disease that has a basic reproductive number less than one (R0 = µ = 0.9).  Starting with a
single case of the disease, the solid curve shows the expected number of cases as a function of
time (S14.1.8b), where time is measured in units of the average length of time between cases.
The two dashed curves illustrate the mean plus two standard deviations from (S14.1.9c) for σ2 =
µ (short dash) and for σ2 = 5µ (long dash), indicating an approximate 95% upper bound on the
number of cases expected over time.

We can also calculate the cumulative number of cases that occur during an outbreak

before the disease dies out, by summing the mean number of cases (S14.1.8b) over all time:

€ 

M(t)
t=0

∞

∑ = µt =
1

1−µt=0

∞

∑ (S14.1.9)

(using Rule A1.20).  Equation (S14.1.9) demonstrates that a disease with a basic reproductive

number just below one can have a very large outbreak size before disappearing (e.g., 1000 cases

if R0 = 0.999).  While the cumulative number of cases can be calculated by summing the

expected number of cases over all time, the total variance does not equal the sum of the variances

at each point in time because the numbers of cases at time t and time t+1 are not independent

(see Table P3.1).  Yet moment generating functions can also be used to calculate the variance of

the cumulative number of cases, providing a powerful method to describe the outcome of a

disease outbreak (Jagers 1975).
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Supplementary Problem

Problem S14.1.1:  (a) Using (S14.1.2b) with (S14.1.7), derive the recursion equation (S14.1.9a)

for the variance in the number of cases of a novel type, N(t) (e.g., the number of carriers of a new

disease).  (b) Given that there is initially no variance, V(0) = 0, prove that the variance at time t is

given by (S14.1.9c) using brute force iteration and the rules of summation (Appendix 1).
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