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The majority of population genetic theory assumes fully haploid or diploid organisms with obligate
sexuality, despite complex life cycles with alternating generations being commonly observed. To
reveal how natural selection and genetic drift shape the evolution of haploid-diploid populations,
we analyze a stochastic genetic model for populations that consist of a mixture of haploid and diploid
individuals, allowing for asexual reproduction and niche separation between haploid and diploid stages.
Applying a diffusion approximation, we derive the fixation probability and describe its dependence on
the reproductive values of haploid and diploid stages, which depend strongly on the extent of asexual
reproduction in each phase and on the ecological differences between them.
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1. Introduction

Sexual reproduction in eukaryotes generally consists of an
alternation of generations, where meiosis halves the number of
chromosomes to produce haploids and syngamy brings together
haploid gametes to produce diploids. The extent of development
in each ploidy phase varies substantially (Bell, 1982, 1994). In
diplontic organisms, at one extreme, development and growth oc-
cur only in the diploid phase, as is observed in most animals. Hap-
lontic organisms, at the other extreme, undergo mitotic growth
only in the haploid stage, as is seen in some green algae. In
between these extremes, many terrestrial plants, macroalgae, and
fungi exhibit both haploid and diploid growth (haploid-diploid
life cycles). These stages are typically free living in macroalgae,
with either macroscopically similar (isomorphic) or distinct (het-
eromorphic) forms in the haploid and diploid stage (Raper and
Flexer, 1970; Willson, 1981; Mable and Otto, 1998; Coelho et al.,
2007).

To explain variation in life cycles, several theoretical models
have analyzed the deterministic dynamics of a modifier allele that
alters the time spent in haploid and diploid phases (e.g., Perrot
et al, 1991; Otto and Goldstein, 1992; Goldstein, 1992; Otto,
1994; Orr and Otto, 1994; Jenkins and Kirkpatrick, 1995; Otto and
Marks, 1996; Scott and Rescan, 2016; Hughes and Otto, 1999).
However, there are some gaps between these models and the
complexities seen in many haploid-diploid species. For exam-
ple, these models often treat haploid and diploid individuals as

* Corresponding author.
E-mail addresses: besshokazuhiro.research@gmail.com (K. Bessho),
otto@zoology.ubc.ca (S.P. Otto).

https://doi.org/10.1016/j.tpb.2021.11.002
0040-5809/© 2021 Elsevier Inc. All rights reserved.

ecologically equivalent, despite the frequent observation of niche
differences and seasonal shifts in prevalence (e.g., Slocum, 1980;
Dethier, 1981).

Most of these models also assume obligate sexuality (but
see Otto and Marks, 1996), despite asexuality being frequently
observed among haploid-diploid species (“asexual looping”). Fur-
thermore, while several models have explored how haploid-
diploid life cycles might evolve, the impact of haploid-diploid
life cycles on evolutionary processes remains underexplored (see,
e.g., Bessho and Otto, 2017) on the impact on fixation probabili-
ties and Immler et al. (2012) on the maintenance of variation).

Here we contribute to evolutionary theory for haploid-diploid
populations by calculating the fixation probability of mutations
using a stochastic genetic model. This builds upon our previous
work (Bessho and Otto, 2017) by accounting for asexual looping
and niche differences between ploidy phases, both of which are
common in macroalgae (Bell, 1982; De Wreede and Klinger, 1988;
Hawkes, 1990). Haploid and diploid phases often differ physio-
logically, and even isomorphic haploids and diploids may differ
ecologically (Hannach and Santelicesm, 1985; Destombe et al.,
1993; Dyck and De Wreede, 2006; Thornber et al., 2006; Vieira
et al,, 2018a,b). We therefore explore different forms of density
dependence, acting either globally on the total population size
(as in Bessho and Otto, 2017) or locally on the population size
of haploids and diploids separately (Fig. 1). We show that the
fate of a mutation depends strongly on the reproductive values
of haploids and diploids, which in turn depend on the extent
of asexual reproduction and ecological differences between the
phases.
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Fig. 1. An illustration of the haploid-diploid models. (a) In the global regulation model, both haploids and diploids occupy the same habitat and density dependence
holds the total population size Ny, constant. (b) In the local regulation model, each ploidy stage occupies a different habit, therefore density dependence regulates

the population size of haploids (Ny) and diploids (Np) separately.
2. Model

In Bessho and Otto (2017), we calculated the fixation prob-
abilities by tracking the dynamics of a resident allele (R) and a
mutant allele (M) in haploid and diploid individuals, using both a
Wright-Fisher and a Moran model. In that model, reproduction
was obligately sexual, individuals were ecologically equivalent,
and the total population size was held constant (global density
dependence). Below, we calculate the fixation probability by first
considering asexual reproduction in each phase, assuming that
haploids and diploids are ecologically equivalent (global pop-
ulation regulation), and then determine how these results are
affected by niche differences (local population regulation that is
ploidy specific).

2.1. Haploid-diploid Wright-Fisher model with global regulation
and asexual looping

Let X(cr) (t) be a random variable that represents the number
of individuals of a particular genotype (“GT”) at time t, involving
the resident (R) and mutant alleles (M) (e.g., GT = RM for a
heterozygous diploid and GT = M for a mutant haploid). Let
X(cr) (t) represent a particular outcome of this random variable.
In the global regulation model, we assume a constant population,
Xr+Xp+Xrr+XrRM XM = Neo, that is strictly regulated regardless
of the ploidy of the individuals.

The reproductive output and the degree of asexuality are char-
acterized by wry and ay for haploids [(GT) = R or M] and wr)
and ap for diploids [(GT) = RR, RM, and MM . Specifically, diploid
individuals produce (1 — ap) wr) haploid spores (sexual repro-
duction) and apwcry diploid offspring (asexual loop). Similarly,
haploids produce (1 — ay) w(cr)/2 female gametes (sexual repro-
duction) and aywry haploid offspring (asexual loop), where we
assume that the species is monecious and invests equal resources
in male and female gametes. During syngamy, we assume that
male gametes are not limiting, that mating is random, and that
female gametes are successfully fertilized with male gametes,
at a rate fry [(GT) = R or M], becoming diploid zygotes. For
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clarity, we describe the model with non-overlapping generations,
although we note that overlapping generations can be considered
by including surviving adults in the counts of asexual offspring
(apw(ery and agwcr)).

We define the selection coefficient (sr)) and the degree
dominance (h) acting upon the mutant allele such that: fy

fr <1 - S);,,), wy = wg (1—5s), wem = wgr (1 — k), W
wig (1= s}y), and h = sk, /sk\.. To perform the diffusion ap-

proximation, we assume that selection is weak, s{w = e§fM and
where ¢ is a small parameter (parameter € is order

of

Sier) = €S(ery
O (1/N¢or)).

2.2. Haploid—-diploid Wright-Fisher model with local regulation and
asexual looping

We then consider the case where density dependence reg-
ulates haploid and diploid populations separately, which may
occur if they have different resource needs or utilize different
habitats or microhabitats (for short-hand, we refer to this case
as “local regulation”). More specifically, we assume that the pop-
ulation size of haploids and diploids is separately regulated and
remains constant Ny and Np (xg +Xp = Ny and Xgg +Xgy +Xym =
Np), respectively. We set Ny + Np = N, ,?),E, = Ny /N, and
[),5 = Np/Ni¢, which will then allow us to compare the results
of local and global regulation. Holding population sizes constant
is assumed strictly for mathematical convenience but may be
reasonable for populations whose sizes are strongly regulated by
the availability of appropriate habitat.

3. Fixation probability in a haploid-diploid population
3.1. Fixation probability in the global regulation model

The fixation probability in a haploid-diploid population can be
derived using a diffusion approximation (Bessho and Otto, 2017),

but doing so requires that we approximate the dynamics to re-
duce the dimensionality from four variables (Xg, Xy, Xgr, XrM > XMM

[CORRECTION: All selection terms should be (1+s) not (1-s).
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which sum to Ng,;) down to one. We do so by using a separation
of time scales, deriving the first and second moments of the
mutant allele frequency. Specifically, we transform the number of
individuals of each genotype, X(cr), into new variables that allow
us to separate the slower evolutionary dynamics and the faster
ecological dynamics (Appendix A):

Pave = CuPH + CpPp; (1a)
8y = DPp — Pu, (1b)
1 XRM
Naw = 1 — , (1c)
2pp (1 — pp) Xgr + Xgrum + Xum
Xg + XM
oy = =M (1d)
Niot

where pg.e indicates the average allele frequency of haploids and
diploids weighted by the class reproductive values (cy and cp,
where ¢y + ¢p = 1, see next paragraph), §, indicates the dif-
ference in allele frequencies between haploids and diploids, nyw
indicates the departure from the Hardy-Weinberg equilibrium
in diploids, and py indicates the frequency of haploids in the
population. Within these equations, the frequencies of mutant
alleles in haploids and diploids are py = X/ (Xg + xu) and pp =
(* + Xy ) / (Xkg + Xgy + Xum)- As similar variables are used in
the model with local population regulation, we use superscripts
to indicate the form of population regulation (“Model” is G for
global or L for local regulation).

The class reproductive values of haploids and diploids are
defined as follows. In linear models, “reproductive value” is a
measure of the expected fraction of the population in the long-
term future that descends from an individual of a particular type
(e.g., age or stage class). Class reproductive values, as defined by
Taylor (1990) and Rousset (2004, p.153), scale these individual
reproductive values up to the whole population of each class
(i.e., the product of the individual reproductive values times the
class size). In the models considered here, the dynamics are non-
linear because of competition for resources (N ). Nevertheless,
we can approximate reproductive values by assuming that the
population is near equilibrium with only resident alleles and by
holding the strength of competition constant (Appendix A, Sup-
plementary Mathematica file; Supplementary parts). Doing so, we
find that the class reproductive values of haploids and diploids,
expressed as proportions that sum to one, are:

G (1 —a) B (p)°
(1—ay) By (/515)2 + (1 —ap) wgr (ﬁg)z 7
Cg _ (1 —ap) wgr (/33)2 .
(1—ay) By (b,S)z + (1 —ap) wgr (bS)z

where p5 = 1— p§ is the equilibrium frequency of haploids in
the global model (Eq. (A.4). As a special case of interest, when
populations are purely sexual (ay ap = 0), we can plug
the equilibrium for ,?)ﬁ from Eq. (A.4) into (2) and show that
s s 1/2. As discussed in Section 3.4, increasing the
degree of asexual reproduction of haploids tends to increase their
reproductive value, but there are exceptions when diploids are
more fertile and predominantly asexual. Similarly, increasing the
extent of asexual reproduction among diploids tends to increase
the reproductive value of diploids, except when haploids are
more fertile and predominantly asexual. These exceptions occur
because passage through the more productive ploidy level (via
sexual reproduction) then becomes essential for individuals of
the less productive ploidy to contribute substantially to future
generations.

As discussed in Appendix A (see also Bessho and Otto, 2017),
Eqs. (2) provide the only weights that allow ecological and evolu-
tionary time scales to be separated when calculating the average

(2a)

(2b)
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allele frequency in Eq. (1a), which is why we take that to be
the evolutionarily relevant average. Although one might initially
think that diploids should count twice as much because they
contain two allele copies and that the evolutionarily relevant
average allele frequency would depend on the population sizes
of haploids and diploids, having a strict alternation of generations
in a fully sexual population (ay = ap = 0) ensures that haploids
and diploids contribute equally to long-term future generations,
so that their reproductive values are equal and the evolutionarily
relevant average allele frequency is pge = (1/2)py + (1/2) pp
(Bessho and Otto, 2017).

As with our previous model, we can track the slow evolution-
ary dynamics for the expected change in average allele frequency
Pave Under weak selection, once the fast ecological dynamics have
stabilized, as which point we can show that there are similar
allele frequencies in haploids and diploids (5, 0), diploids
are approximately at Hardy-Weinberg equilibrium (ngyw = 0),
and the ratio of haploids is similar among mutant and resident
genotypes (py ~ [)g) (Appendix A, Supplementary Mathematica
file; Diffusion approximation for global (local) regulation model).
Furthermore, to leading order, the second moment of change in
allele frequency is equal to the neutral case and can be derived
in the diffusion limit (N — 00).

Given a single variable, py,., changing slowly over evolutionary
time, we can then use standard diffusion methods to calculate the
fixation probability of a mutation in a haploid-diploid population,
u (py°®'), where “Model” is G for global and L for local (consid-
ered in the next section). The diffusion is a function of the first
and second moments of change in the mutant allele frequency,
mModel (p...) and V™% (p,,.), both measured in time units of Ny
generations:

pg Model (,y/ /
Jo' exp[-20"* (p')] dp

~
~

Model
“E) = [, exp [—2QMede! (/)] dp’ G2)
O () = e 0= Poe)
x [2sie + 2¢p*% paye (1 — 2h) sy ] (3b)
gty Poe (L) [(chesery? ppfose + (chios)” (274104)] |
JpHodel (2. Model
(30)
where p{‘{’"de’ is the initial allele frequency of mutants (we fo-

cus on the case with a single initial mutant allele, pMod

1/ [Nto[ (/A)I’}I/mdel 4 2[6;\)/10(161)]) and QMOdel (p) — f (mModel (p) /
vl (p)) dp. We note that Eq. (3a) is obtained from the back-
ward equation for the fixation probability (Bessho and Otto, 2017)
and Egs. (3b) and (3c) are derived in Appendix A. For the global
regulation model, the average selection acting upon rare mutant
alleles across haploid and diploid stages, sS ,, can be calculated
from the first moment equation (see Supplementary Mathematica
file; Diffusion approximation for the global (local) regulation
model) and equals:

Model __ .Model .w Model .w Model Modelsi\/l
we =Cq SytCp syt Oy -

S 5 (4a)

~ ~Model
(1 — ay) Wrpy°*
~Model *

¢M0del —
(1 — ay) WrPY™ + apwgry

(4b)

where wg = frwg/2 is the fertility of haploids considering the
cost of sex. As we will see later, this equation is valid for local
regulation model. The term ¢™°%! indicates the fraction of the
diploids in the next generation that are sexually produced (from
the union of haploid-produced gametes) rather than asexually
produced by diploid parents. With obligately sexual haploid-

diploids (ay = ap 0, where cModel — cModel — 1,3 and
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¢M0del —
(2017).

1), these results coincide with those of Bessho and Otto

3.2. Fixation probability in the local regulation model

We next derive the fixation probability in a haploid-diploid
population when density dependence regulates haploid and
diploid populations separately (Fig. 1b), by again applying a
transformation of variables and separation of time scales. For the
local regulation model, the appropriate weights for the average
allele frequency are similar to the global regulation model, where
now the class reproductive values, expressed as proportions, are:

1+ anR[)b
L (1—ap)wrrd)
CH = AL AL (58)
AH WRPy 2 9pWRRPp
(1—ap)wggpl ~ Jr (1—ay)wrpl
1+ ﬂDwRRPD
R (1—ap)wgpk
= o (5b)
ﬂHwRﬂH 2 (GpWRRPp

2+

(1—ap)wggpl,  Jr (1—ap)wpph

After applying a separation of time scales and conducting a diffu-
sion approximation, we conclude that the solution for the fixation
probability in a haploid-diploid population, Egs. (3), remains
valid for the local regulation model (Supplementary Mathematica
file; Diffusion approximation for the local regulation model), with
the average selection coefficient now being given by Egs. (5).

3.3. Effective genetic parameters

Using the first and second moments of change in allele fre-
quency, we derive effective genetic parameters to compare our
results to the dynamics found in the classical model for fully
haploid or fully diploid organisms (Bessho and Otto, 2017). More
specifically, we define the effective selection coefficient (s.), dom-
inance coefficient (h,), and effective population size (N,) that
would result in the same expected change in allele frequency and
variance as in the classical diploid model of selection.

For selection, the diploid model is: Apgye = SePave (1 — Pave)
[he + (1 — 2he) Pave] (Crow and Kimura, 1970; Bessho and Otto,
2017). Because this equation depends on the allele frequency in
the same way as Eq. (3b), we can find the effective and dominance
selection coefficient from Apgye/ [Pave (1 — Pave)] = Sehe when
Pave = 0 and Apgye/ [Pave (1 — Pave)] = Se (1 — he) when pgye = 1,

yielding:

1—2h) sy,
SQ/deI — 25%0;181 +2c Model( 5 ) MM . (63.)
hMOdel 252/11106'(191 (Sb)

4sModel 4 pcModel (1 — 2Ry sk

When the mutation is additive (h = 1/2), these effective param-
eters are sModel = pgModel g pModel — 1/,

We next derive the variance effective population size (Crow
and Kimura, 1970) by equating the one generation change in
variance (Eq. (3c) divided by the time scale, Ny, ) to the variance

in allele frequency expected in the classical Wright-Fisher model,

Dave (1 — Pave) /2Ne with N, diploid individuals, obtaining:
NModel Pave (1 — Pave) . Nyo t:OMOdEIpMOdeI
2(vModel /N,y ) (Cgladet)z piodel 4 2 (c Model)2 Iag/zodel'

(7)

Plugging these effective parameters into the formula from the
fixation probability in the classical diploid Wright-Fisher model
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(Kimura, 1957, 1962; Crow and Kimura, 1970, p. 427), the fixation
probability in a haploid-diploid population given by Eq. (3a) can
be expressed as:

Model
" exp[-2 — ) (1-p) +p}]d
/; exp [—ZNEMOdEISQ/IDdEI {(zhg/ladel _ ]) pP(1—p)+ pr}] dp’ ’
(8)

Assuming an initially rare and additive mutation (h = 1/2) with
weak positive selection in a large population (s¥odel NModel pModel

0 and sModelNModel 5, 1), we obtain the classic approximation,
u(pg""de’3 ~ ng/"’de’Né‘”"de’po’V’“de’, which upon substituting from
Eq. (7) yields:

Model :Model Model
I Model sModel { (5

(pl(\)/lodel )

~Model » Model
2Py Pp

( Model ZAModel) [(Cgladel) phodel 4 3 (c. Model) Z)Model]

Model
ave

(pI[\)/ladel )

(9a)

For example, because haploids and diploids have the same repro-

ductive values in the obligately sexual case (cModel = ¢Model —
1/2), we obtain:
( Mod ’) SAModel Model Model
u p() oae ~ - - oae (gb)
( pll\i/lodel +2 pglodel)z ave
(Eq. 13a in Bessho and Otto (2017), or simply u (p M"de’) A QgModel

if haploid and diploid population sizes are equal in terms of
number of chromosomes (PN = 2/3).
In the next three sections, we explore the implications of these

results for the evolution of haploid-diploid populations.
3.4. Effective selection in a haploid-diploid population

The strength of selection averaged across haploids and
diploids, s%j’j‘”, plays a key role in the evolution of haploid-
diploid populations. When a mutation is rare, both the rate of
change in allele frequency (Eq. (3b)) and the approximate fixation
probability (Eq. (10)a) are proportional to sm"’e’. We thus begin
by exploring how sM°%! varies as we alter the amount of asexual
reproduction in haplmd and diploid phases. We focus on the case
where the mutation does not affect fertilization success (s{,, =0),

so that the average selection becomes:

Model
Save - CH

Model .w Model .w

SmtC Srmo (10)

in both global and local regulation models (Egs. (4) and (6)).

The relative evolutionary importance of selection in the hap-
loid and diploid phases is thus determined by the class reproduc-
tive values, cM°! and cMo?! (where c}°%! 4 cModel=1), Fig. 2 (global
regulation) and Fig. 3 (local regulation) illustrate the proportional
reproductive value of haploids, ¢ "’"’de’ , as a function of the degree
of asexual reproduction in hap101ds (x—axis) and diploids (ranging
from 0.05 in red to 0.95 in blue). With global regulation, the
frequency of haploidy within the population, ,E)g (given by Eq.
A.4), varies with the parameters (see inset graphs in Fig. 2), rising
with the frequency of haploid asexuality (x-axis in inset) but
declining with more asexuality in diploids (from red to blue).

By contrast, with local regulation, the frequency of haploidy is
held fixed by the strict density dependent competition that we
have assumed (pt op = 0.8 in Fig. 3(a)(b) and 0.3 in (c)(d)). In the
left panels, haploids have a higher fertility (wg/wgr = 5), leading
to a higher haploid reproductive value, CM"de’ especially with local
regulation when haploids are also more common (pf 0.8
in Fig. 3a). In the right panels, diploids have a higher fertility
(wgr/wg = 5), leading to a lower haploid reproductive value,
especially when haploids are rare (,?),L{ = 0.3 in Fig. 3d).
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Higher diploid fertility

1.0 100 low ap
0.8 0.8
0.6/ 0.6} ]
Cﬁ 4 ap = 0.2
0.4} 0.4 ]
0.2} 0.2}
0.0~ : : : ; : 0.0 hlgh aD
00 02 04 06 08 10 00 02 04 06 08 10
ay ag

Fig. 2. Class reproductive value of haploids in the global regulation model, c,_G,. Curves show cﬁ as a function of the degree of haploid asexuality, ay (x-axis), with
the degree of diploid asexuality ranging in color from ap = 0.05 (red) to 0.95 (blue) in increments of 0.05. Other parameters are set as: (a) fr = 0.5, wg = 5000,
wgr = 1000, (b) fr = 0.5, wg = 1000, wgr = 5000. The resulting frequency of haploids, 55 Eq. (A.4), is shown in the inset plots. Note that if haploids are strictly
asexual (ay = 1), diploids persist only when apwgg > wg (i.e., when ap > 0.2 in panel b), which accounts for the switch in behavior observed in this panel.

(a) Higher haploid fertility (b) Higher diploid fertility

high a,

pL =08 ci

(d)

pi =03 cj

1.01
0.8
0.6f
0.4;

— |

0.2

0.0

0.0 0.2 0.4 0.6 0.8 1.0

ay

Fig. 3. Proportional reproductive value of haploids in the local regulation model, cf. Parameters are the same as Fig. 2, except that haploids are held fixed at a
frequency of (a)(b) [)b = 0.8 or (c)d) [)FL, = 0.3. We consider the case when (a)(c) haploid fertility is larger than diploid wg = 5000, wgg = 1000, and when (b)(d)

diploid fertility is larger than haploid wg = 1000, wgg = 5000.

When haploids are primarily sexual (ay ~ 0), increasing
asexuality of the haploid stage typically causes the reproductive
value of haploids to rise, unless diploids are fitter and more
frequent (Fig. 3d and blue curves in Fig. 2b). At the other extreme,
the reproductive value of haploids typically plummets to zero as
haploid reproduction becomes primarily asexual (ay ~ 1) while
diploids remain sexual, particularly with local regulation (Fig. 3),
because haploids then act as a genetic “sink” contributing little to
the diploid sub-population. This downward trend when haploids
are predominantly asexual is also seen with global regulation if

~

diploids are more fit (Fig. 2b), except when the diploid population
does not sustain itself and goes extinct, which occurs when ap <
0.2 and ay = 1. The net result can thus be non-monotonic (purple
curves with 0.2 < ap < 0.4 in Fig. 2b and Fig. 3(a)(b)(c)).

3.5. Effective population size in a haploid-diploid population
We next consider the effective size of haploid-diploid popula-

tions with varying degrees of asexuality. Fig. 4 plots the effective
population size (Eq. (8)) relative to the total population size,

34



K. Bessho and S.P. Otto

1.01

small ¢Model

0.8¢ 1
sModel

large ¢y

NeModel 0.6}
Niot 0.4}
0.2
0‘00.0 02 04 06 08 10
ﬁyodel

Fig. 4. The effective population size of a haploid-diploid population. The relative
effective population size over the total population size (NMo4¢! /Ny, Eq. (7)) is
shown as a function of the frequency of haploids (;3,";’“"1, x-axis), when the
haploid reproductive value (c‘{‘,”"de’) varies from 0.05 (blue) to 0.95 (red) in
increments of 0.05. This figure applies to both global and local regulation models.

~

NModel /N, as a function of the frequency of haploids, pM°% (x-
axis), and the class reproductive values (with ¢! ranging from
0.05 in blue to 0.95 in red). As noted by Bessho and Otto (2017),
the effective population size is highest - and drift weakest - at
intermediate frequencies of haploids and diploids, which ensures
the least sampling error as organisms alternate generations.

When haploids and diploids have equal reproductive values,
as in the fully sexual case (cM® = cModel — 1/2), the effective
population size is maximized at ,?)F"{"’ °l ~ 0.586. With asexual
reproduction, the peak shifts towards whichever ploidy level has
the higher reproductive value. For example, if haploids have a
high reproductive value (red) then the effective population size
is maximized at a higher frequency of haploids, reducing the
amount of genetic drift in that phase. Although not illustrated,
the peak shifts to NMdel = pModely, . when future popula-
tions descend only from diploids (c¥°® = 0) and to NMod¢! =
(D4l /2) Nior when future populations descend only from hap-
loids (cM% = 1), effectively becoming diplontic or haplontic,
respectively (with the 1/2 arising because haploids have half the
number of chromosomes).

Of course, the reproductive values, as well as the frequency
of haploids with global population regulation (f)g), depend in
turn on the fertility parameters and the extent of asexuality,
as explored in the previous section. Fig. 5 (global regulation)
and 6 (local regulation) illustrate the effective population size
as a function of the frequency of haploid asexuality, ay (x-axis),
and the frequency of diploid asexuality (ap rising from red to
blue), using the parameters in Figs. 2 and 3, respectively. The
trends are often non-monotonic, with Né‘/"’del/Nmt values varying
around 1/2 when the parameter values are intermediate. The
effective population size is often higher when diploids rarely
reproduce asexually (red) rather than when they frequently do
(blue), although there are exceptions.

To check whether our analytical result is correct, we sim-
ulated a haploid-diploid population for a neutral allele (Fig. 7
for the global regulation and Fig. 8 for the local regulation). In
the classical WF model, the expected heterozygosity within a
simulation is E[H (t)] = H(0) (1 - ﬁ)t H (0) exp [—55 -
Our simulations reveal that the effective population size predicts
the average dynamics of E[H, (t)] (yellow line) where H, (t) =
2Dave (1 — Pave). A slight discrepancy is observed when diploids
reproduce primarily asexually (Figs. 7d and 8h), because the
assumption that departures from Hardy-Weinberg remain small

~
~
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becomes accurate with drift; nevertheless, our formula for the ef-
fective population size continues to perform reasonably well even
in this case (especially for the first few hundred generations).

Here, we have tracked the “effective” heterozygosity calcu-
lated as H, (t) = 2pave (1 — pave) Where pg,e is the average allele
frequency based on the (typically unknown) class reproductive
values. We also find, however, that the effective population size
equally well predicts loss of heterozygosity using the naive al-
lele frequency that one might observe by randomly sampling
alleles from a population: pugve = (Xmm + Xrm + Xm) / (2Xpm
+2xpm + 2Xgr + X + Xg) (see Supplementary Mathematica file;
Figs. 7 and 8). Even the loss of heterozygotes in the diploid popu-
lation, Xgn/ (Xmm + Xk + Xgr), is well described by the effective
population size derived here.

3.6. Fixation probability in a haploid-diploid population

We next compare the above results with numerical simula-
tions estimating the fixation probability of a newly arisen muta-
tion in a haploid-diploid population. When simulating the global
regulation model, we assumed that the population has reached
the demographic equilibrium, 5Nt haploids and pSN, diploids
(see Appendix A). We then chose one resident allele R at ran-
dom and replaced it with a mutant allele M. After mutation,
offspring were sampled from the parental generation according
to a multinomial distribution with expected frequencies given by
X(cr), repeating until the mutant allele fixed or was lost from the
population. We estimated the fixation probability as the fraction
of 100,000 replicate simulations leading to fixation.

We here consider the additive case (h = 1/2 and h, = 1/2),
where the fixation probability (Eq. (8)) simplifies to:

Model njModel cModel
exp [ —2pglote NModelhtodel] _

exp [_ZNé\/lodelsg/Iodel] -1

Model _ ZSModel

Model )

u (pg (11)

and where s, et (Eq. (6)). Fig. 9 plots the fixation prob-
ability as a function of the average selection pressure, s%’j’ede’, when
the reproductive values and chromosome numbers in haploids
and diploids are equal (cModel = cModel gpng phodel — /3 and
shodel = [(1/2) s} + (1/2) sy, |- The diffusion Eq. (11) provides
an excellent fit, as does the approximation Eq. (9b) for selection
coefficients that are positive and not too weak. In this case, the
results are the same with global and local population regulation
(Figs. 9a and 9b, respectively) and are insensitive to how much
selection occurs in the haploid or diploid phases (sMod and sModel,
respectively), as long as s%‘;de’ is held constant (see additional
simulations in Supplementary Mathematica file; Fig. 9). As ex-
pected, the extent of selection in the haploid versus diploid phase
matters more when the mutation is not additive (h # 1/2 and
he # 1/2) (supplementary Mathematica file; non additive muta-
tion). Additional simulations are presented in the supplementary
Mathematica file (Supplementary: Fixation probability for global
(or local) regulation model (simulation)).

These confirm that the analytical results remain valid across a
broad parameter space (combinations of higher haploid fertility
vs diploid fertility, higher haploid asexuality vs diploid asexuality,
and higher frequency of haploids vs diploids).

Next, we illustrate the approximate fixation probability,
Eq. (9a), as a function of the degree of asexuality (ay and ap)
when the population size is globally (Fig. 10) or locally (Fig. 11)
regulated, assuming only selection in haploids or only in diploids.
For example, with additive mutations, the fixation probability can
be approximated as u ~ 4cModelNModelphodelgn \when selection
occurs only in the haploid phase or u a 4c}edelNModelpModelgn,
with selection only in the diploid phase, indicating that the fate

of mutations depends as much on the strength of selection as on
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Fig. 5. The effective population size of a haploid-diploid population in the global regulation model as a function of the degree of asexuality, ay and ap. Parameters
are the same as in Fig. 2 and determine the relative class reproductive values (cg) and fraction of haploids ([),‘j) according to Eqgs. (2a) and (A.4).

the reproductive value of the ploidy phase in which selection acts
(as illustrated in Figs. 2 and 3). Fig. 10 (global) and Fig. 11 (local)
illustrate how the fixation probability depends on the various
parameters in the model, particularly the amount of asexual
reproduction in haploids (x-axis) and diploids (ap rising from red
to blue). The trends can be understood by the combined effects
of the parameters on the reproductive value and the effective
population size (e.g., Fig. 11(a) is proportional to the product of
Fig. 3(a) and Fig. 6(c)).

4. Discussion

Across the phylogenetic tree of life, organisms have diverse
and complex reproductive strategies (Bell, 1982). Classical pop-
ulation genetic theory has, however, focused most on fully hap-
loid or diploid life cycles with obligate sexuality. In this article
we develop a stochastic model for the population genetics of
haploid-diploid organisms considering demography, asexuality,
and habitat differentiation between haploid and diploid stages.
Using a separation of time scales, we derive a diffusion approxi-
mation for the change in allele frequency, allowing us to estimate
the fixation probability of new mutations, the effective strengths
of selection and dominance, as well as the effective population
size of haploid-diploid populations.

4.1. Natural selection in a haploid-diploid population

Our results indicate that the strength of natural selection and
the extent of genetic drift depend strongly on the reproductive
value of haploid versus diploid phases. In the simplest case, when
the effect of a mutation is weak, additive, positive, and absent in
the gamete stage (s’,:,, = 0), the fixation probability is proportional
to the effective strength of selection (Eq. (10)), sModel = 2gModel
which in turn is proportional to the amount of selection in and
the reproductive value of haploids and diploids (Eqs.(2) and (5)).

These analytical results reveal some evolutionary principles
for populations that undergo an alternation of generations. One
consequence is that the balance of opposing selection pressures
in haploids and diploids (Eqs. (4) and (6)) depends not only on
the selection coefficients, but also on the relative reproductive
values of haploids (cM°d) versus diploids (c¥°%!). Thus, the very
direction of evolution depends on the extent of asexuality in
the two phases and the relative survival and fertility of haploids
versus diploids when there is “ploidally antagonistic selection”
(Immler et al., 2012).

36

The efficacy of selection to fine tune traits in haploids and
diploids also depends on the class reproductive values. For exam-
ple, when the population is regulated by local density dependence
(i.e., the haploid and diploid phases are spatially or temporally
distinct), higher reproductive success in haploids increases the
efficiency of haploid selection (compare Fig. 3a to b). However,
when there is extremely rare sexuality in haploids (ay near one),
diploid selection tends to be more effective because of increasing
competition between offspring from haploids. By contrast, the
trends differ with global density dependence (e.g., species that
are more isomorphic with small ecological differences between
stages). For example, the reproductive value of haploids remains
high even when they reproduce primarily asexually in the global
regulation model (see Fig. 2 when ay approaches one), because
haploids then make up a larger proportion of the total population
size (see inset figures). Thus, whether selection is effective in the
haploid phase when that phase mainly reproduces asexually is
quite sensitive to the nature of competition.

Our work can also be useful in the design of field studies and
the interpretation of data for species that alternate generations.
To understand the efficiency of selection on haploid and diploid
phases, we not only need data about the fraction of haploids
and diploids and their fertility and mortality (e.g., Thornber and
Gains, 2004; Vieira et al., 2018a,b), but we also need to know
about the extent of asexuality in each phase and whether they
compete for common or different resources.

4.2. Genetic drift and effective size

The impact of random genetic drift on the genetic diversity of
haploid-diploid population depends on the effective population
size (Eq. (7)). As we had found previously in a haploid-diploid
model with obligate sexuality (Bessho and Otto, 2017, pp. 431),
the effective population size with asexuality is generally smaller
than the total number of individuals and again depends strongly
on the reproductive value of each phase (Figs. 4-6). With obligate
sexuality, the reproductive values of haploids and diploids are
equal, drift is minimized for a new allele (the effective population
size times po is maximized) when haploids comprise 2/3 of the
population, making the number of chromosomes equal between
haploids and diploids. Asexual reproduction, however, causes the
reproductive value of haploids and diploids to differ (Egs. (2) and
(5)). Consequently, drift is lessened if the phase with the higher
reproductive value is more common (see shifts in peaks in Fig. 4).
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Fig. 6. The effective population size of a haploid-diploid population in the local regulation model. Parameters are the same as in Fig. 3 and determine the relative
class reproductive values (c,L,) by Egs. (5). The frequencies of haploids are held fixed at a frequency of (a)(b) bh = 0.9, (c)(d) pj = 0.8, (e)f) ,B,L, = 0.6, or (g)(h)

pL =03

4.3. Evolution in haploid-diploid populations with asexuality

We find that evolution in haploid-diploid populations is sub-
stantially different than either fully haploid or fully diploid popu-
lations and also substantially different than fully sexual haploid-
diploid populations. The model considered in this paper allows
selection in both haploid and diploids phases but does not re-
quire a strict alternation of generations, allowing individuals to
produce offspring of either the same ploidy type (asexually) or
the opposite ploidy type (sexually).

Here we consider the implications for evolution, focusing on
the simplest case of additive selection with weak selection, where
the fixation probability is given by Eq. (9a). This formula indicates
that evolution in a haploid-diploid population is dominated by
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(i) the average selection across haploid and diploid stages, (ii)
the ploidy ratio in the population, and (iii) the class reproductive
values of haploids and diploids. Comparing this probability with
the classical result 2s reveals that evolution in a haploid-diploid
population differs substantially in three ways from evolution in a
fully haploid (or diploid) population.

First, and most obvious, evolutionary changes are shaped by
selection in both haploid and diploid stages. As we see in Sec-
tion 4.1, because the reproductive values of haploids and diploids
determine how selection in each phase contributes to the effec-
tive selection coefficient (6a), selection is not a simple average
across ploidy stages but depends on the details of how the species
reproduces. Second, the ploidy ratio of haploids versus diploids
strongly affects evolution. In particular, because genetic drift is
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Fig. 7. The estimated heterozygosity over time within a globally regulated haploid-diploid population, as measured from 1000 replicate simulations of a neutral model

(black dots). The solid yellow curve gives the analytical result for the expected heterozygosity with the effective population size, E[H, (t)] = H(0) (1 —

1
2 NModel )

Parameters: Ny = 90, fr = 0.5. We consider the case when (a)(c) haploids are more fertile than diploids (wg = 5000, wgg = 1000) and when (b)(d) diplofds are
more fertile than haploids (wg = 1000, wgg = 5000), considering asexual reproduction at a high rate among (a)(b) haploids (ay = 0.8, ap = 0) or (c)(d) diploids

(aH =0,ap = 08)

strongest when either haploids or diploids are rare (Fig. 4), the
effective size dramatically decreases when the ploidy ratio is
strongly skewed (i.e., most individuals are haploids or diploids;
Fig. 4), reducing the efficacy of selection. Third, the reproductive
values of haploid and diploid stages depend in a complex way
on selection in the two phases and their mode of reproduc-
tion (Figs. 2-4), affecting the course of evolution through both
selection and genetic drift.

Evolutionary dynamics in completely sexual haploid-diploid
populations is substantially simpler. In particular, with a strict
alternation of generations (no asexuality), the class reproductive
values of haploids and diploids are equal (Bessho and Otto, 2017).
As a consequence, selection across the life cycle, is half the
strength of selection in haploids and half in diploids, regardless
of the frequency of the two types within the population.

With both asexual and sexual reproduction, however, the av-
erage selection, the ploidy ratio, and the reproductive values of
haploids and diploids all depend on the fertility parameters and
the degree of asexuality. The resulting interplay alters the fixation
probability of new mutations, as illustrated in Figs. 10 and 11.
While the interplay is complex and often non-monotonic, some
patterns emerge.

An important take-home result is that the form of competition
acting to regulate population size strongly affects the repro-
ductive values of haploids and diploids (Egs. (2) and (5)) and
thus dramatically alters the chance that a new beneficial muta-
tion fixes (Eq. (8); Figs. 10 and 11). We contrast two forms of
population regulation: global, where haploids and diploids are
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competitively equivalent, and local, where only individuals of a
given ploidy level compete with one another.

With global regulation, the fixation probability for an allele
that benefits the haploid phase is generally higher when haploids
are more asexual and diploids more sexual (Fig. 10), increasing
the fraction of haploids in the population (Fig. 2), but there are
exceptions when diploids have higher fertility and reproduce
predominantly asexually (bluer curves in Fig. 10b). Similarly, the
fixation probability for an allele that benefits the diploid phase
is generally higher when diploids are more asexual and haploids
more sexual (Fig. 10), increasing the fraction of diploids experi-
encing selection, with exceptions when haploids have higher fer-
tility and are predominantly asexual (right hand side of Fig. 10c).
In summary, selection in a particular ploidy phase is typically
more effective when that phase is more common and tends to
breed true (asexual reproduction), with exceptions when the
other ploidy phase is a greater evolutionary “source” of future
generations, with a higher reproductive value (higher fertility and
more asexual). These exceptions occur because passage through
the other ploidy phase then becomes essential for an allele to
avoid loss while rare, even when selection does not act in the
other phase.

The patterns with local regulation of population size differ
substantially. Because local population regulation by ploidy level
determines the equilibrium fraction of haploids and diploids,
the fixation probability tends to be less dependent on the ex-
act degree of asexuality, as long as there is some sexual and
some asexual reproduction (flatter curves with more overlapping
red/blue in Fig. 11). In this case, the fixation probability of an
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Fig. 8. The estimated heterozygosity over time within a locally regulated haploid-diploid population, as measured from 1000 replicate simulations of a neutral
model (black dots). The solid yellow curve gives the analytical result for the expected heterozygosity. Parameters are the same as Fig. 7. We consider the case when
(a)(c)(e)(g) haploids are more fertile (wg = 5000, wgg = 1000), when (b)(d)(f)(h) diploids are more fertile (wg = 1000, wgg = 5000), when (a)(b)(c)(d) haploids are
often asexual (ay = 0.8, ap = 0), when (e)(f)(g)(h) diploids are often asexual (ay = 0, ap = 0.8), holding haploids fixed at frequency of [)PL, = 0.8 in (a)(b)(e)(f) and

at frequency of [),E, =0 in (c)(d)(g)(h).

allele favored in the haploid phase is higher if haploids are more
fertile (Fig. 11 panels a and c versus b and d) and if haploids
are more common (panels a and b versus c and d), with the
reverse holding for alleles favored in the diploid phase. When
populations are predominantly sexual or predominantly asexual,
however, there can be rapid changes in the fixation probability
(Fig. 11), resulting from rapid changes in the reproductive value
of each phase (Fig. 3).

4.4. “Ploidally-structured” populations

The key role that reproductive values play in this work is
analogous to the role that patch dynamics play in two-patch
models of evolution. In a spatially structured population, sub-
divided local populations are genetically connected by migra-
tion. A haploid-diploid system can be seen as being ploidally
structured, where gene flow describes the movement of alleles
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Fig. 9. Fixation probability given the average strength of selection, sﬁ/’v"e"e’, for global (a) and local (b) regulation models. The solid curve gives the analytical result

from the diffusion approximation (Eq. (11)) and the dashed curve gives the approximation with weak, additive, and positive selection (Eq. (9b)). Black dots indicate
the fixation probability estimated from 100000 numerical simulations with 95% CI (Wilson score interval for binomial). Parameters: Ny = 90, Ny = 60, Np = 30,
fr = 0.5, wg = wgg = 1000, ay =ap = 0.1, h = 0.5, s’,:,, =0, s = sp, = sModel such that the fraction of haploids in the resident population is p°% = 2/3 and class

ave
reproductive values are equal c}°% = )% = 1/2. Holding s¥°% = 1/2 (s} + sk,) constant, similar results are obtained for a range of different choices of s} and
Sgw (see supplementary Mathematica file).
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Fig. 10. The fixation probability in a haploid-diploid population in the global regulation model. Curves givethe approximation with weak, additive, and positive
selection for the fixation probability (Eq. (9a)). Parameters are the same as in Fig. 2. Selection acts only in the haploid or diploid phase, with selection coefficients
set as sy; = 0.02 for haploid selection (a)(b) and sk, = 0.02 for diploid selection (c)(d).

through sexual reproduction, with meiosis causing flow to hap- probability strongly depends on class reproductive values of each
loidy and syngamy flow to diploidy. We note that our research patch.
reveals that all qualitative results are equally accurate for evo- This analogy suggests an interesting idea: complex reproduc-

lution in a two-patch system (see Supplementary Mathematica tive systems can be considered and analyzed using the tools of
File; Comparison with two-patch system). For example, fixation metapopulation theory. For example, many eukaryotes including
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Fig. 11. The fixation probability in a haploid-diploid population in the local regulation model. Curves givethe approximation with weak, additive, and positive
selection for the fixation probability (Eq. (9a)). Parameters are the same as in Figs. 3 and 10. The frequency of haploids is held fixed at (a)(b)(e)(f) [),E, = 0.8,
(c)(d)(g)(h) pL = 0.3. Fertility of haploids is higher than diploids in panels (a)(c)(e)(g), and the opposite condition is considered in panels (b)(d)(f)(h). Selection only

occurs in the haploid (a)(b)(c)(d) or diploid stage (e)(f)(g)(h).

terrestrial plants, insects, and fishes, often exhibit ploidy vari-
ation, including polyploid members (Otto and Whitton, 2000;
Comai, 2005). In such species, individuals characterized by dif-
ferent numbers of chromosomes coexist, with complex repro-
ductive relationships causing gene flow between them (Ram-
sey and Schemske, 1998). Similarly, social insects often exhibit
complex sex determination systems linked with ploidy levels
(haplodiploidy).

Our research suggests that these ploidally-structured popu-
lations can be fruitfully treated as metapopulations. Selection
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and drift in populations with diploids, triploids, and tetraploids
can, for example, be considered as a three-patch model. In this
system, we conjecture that the average strength of selection that
is evolutionarily relevant would be the mean selection coefficient
in each ploidy class, weighted by its class reproductive value, with
additional terms coming from reproductive interactions (akin to
the term ofsi,, in Egs. (4)).

Many evolutionary aspects of haploid-diploid populations re-
main to be investigated. One avenue that we are exploring is
how model parameters can be estimated from field data. For
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example, the analogy between spatially and ploidally structured
population suggests that genetic differences between haploids
and diploid can be used to estimate gene flow between them
(i.e., rates of sex), akin to using Fst to inform estimates of mi-
gration (e.g., Slatkin, 1987). Another fruitful avenue for further
work is to determine how fluctuations in population size affect
the effective population size of species that alternate generations.
In classical population genetics theory, such fluctuations can be
captured by using the harmonic mean population in place of
the total population size (Karlin, 1968). It is unclear, however,
whether the same is true in haploid-diploid populations. Can the
harmonic total population size simply replace N, in the global
model of population regulation? Similarly, can the harmonic pop-
ulation sizes of haploids and diploids replace N and Np with local
regulation? The answer is unclear because population size fluctu-
ations perturb the fast ecological dynamics away from the steady
state (especially ﬁHM”d“’l), and the impact of these perturbations
on selection and drift is unknown. Further research is needed to
clarify evolutionary processes in the wide variety of species that
alternate generations.
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Appendix A. Fixation probability in a haploid-diploid Wright-
Fisher model using a diffusion approximation

A.1. Equilibrium with global regulation

We derive the fixation probability in a haploid-diploid pop-
ulation using a diffusion approximation (e.g., Bessho and Otto,
2017). We first derive the stable equilibrium in the global regu-
lation model, allowing for asexual reproduction in each phase. In
the Wright-Fisher model, all individuals reproduce and then the
parents die (non-overlapping generations). Let b(cr) represent the
number of reproductive cells of each type in the next generation:

WRMXRM
bg = (1 — ap) wgrxgr + (1 — ap) + agwgXg, (A.1a)
WrmX
by = (1 —ap) y + (1 — ap) wumXmum + agwuxy,  (A.1b)
i wix3
bre = (1 — ay) & ——FR 4 apwpeexee, (A.1c)
2 WRXR + Wy XM
XRX
bgy = (1 —ay) fotfu _weioneky + apwrMXrM (A.1d)
2 WrXR + wMXm
fi w? %2
bum = (1 — ay) = MM + ApWmMXMM - (A.le)

2 WrXR + Wy Xy
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The probability that a reproductive cell of genotype (GT) is sam-
pled from the offspring produced by the previous generation of
adults is

ber)
bg + by + bgg + brv + bum

Therefore, the composition of offspring in the next generation is
given by the multinomial distribution, sampling Ny, individuals
in proportion to Eq. (A.2). Using Eq. (A.1) and (A.2), we describe
the conditional expectation of change in the number of individ-
uals of genotype (GT), AXcr) (t) = Xen (t +1) — X (t), as

dr) = (A.2)

E [AX(GT) ® X () = ?C] = Niotq(cr) — X(GT)» (A3)
where E [AF (X@n () IX (t) = X| is the conditional expected
value for change in the function F of the random variable given
that X (t) (Xe(®) Xu(®) Xex(®) Xew () X (©) )
equalsX=( Xx Xy X Xgm Xmm )T

To simplify this fully stochastic system, we assume that the
resident population is large and treat demographic changes de-
terministically prior to the appearance of the mutation. Consid-
ering the dynamics of the resident population, we then find the
equilibrium of these dynamical equations by solving Ni:qr —
XR 0 and Ni:Grr — Xgr 0 (kg + Xgg = Nio). Setting
Xr = PfNie and Xgg = PNior, the fraction of haploids 55 (and
diploids p5 1 — pS) at equilibrium becomes as in Box I .

where wgr = frwg/2 is the fertility of haploids considering
the cost of sex (see Supplementary Mathematica file for the step-
by-step derivation; Supplementary parts). We note that, when
the fertility of haploids is much greater than that of diploids
(wg > wgg), the frequency of haploids in a population approaches
ay/{ay + [(1 — ay) fr/2]}, which is less than one because sexual
reproduction of the haploids produces diploids (the (1 — ay) fr/2
term). Conversely, when the fertility of diploids is much greater
than haploids (wg << wgg), the frequency of haploids approaches
1 — ap, the rate at which diploids undergo meiosis.

A.2. First moment of change in allele frequency

To derive the first moment of change in allele frequency,
mModel (p,..), we apply a separation of time scales (e.g., Nagylaki,
1976; Otto and Day, 2007; Bessho and Otto, 2017). Details of the
calculation are represented in the Supplementary Mathematica
file (Diffusion approximation for the global (local) regulation
model). We first transform the expected change in the num-
ber of individuals of each type (five variables that sum to Ng,)
into the expected change in a new set of four variables, ® ¢
{Pave. 8p. nhw . pu }, described by the functions:

Model

E[A@p?(t):?c] —

(€. Pave. 0) . (A5)
where § = (Sp, NHW » pH) and € is proportional to the selection co-
efficients and assumed small (the functions f are given explicitly
in the Supplementary Mathematica file). With local regulation, py
is assumed fixed at Ny /Ny and dropped from the variable set, ©.

To constant order (setting the small changes due to selection
to zero, € — 0), the fast ecological dynamics of the system are
described by: f}°®! (0, paye. 0). This system of equations rapidly
approaches a steady state found by solving f¥°! (0, paye, ) =
0, which gives §, = 7y, = 0, and py = pS Eq. (A4). To
this order, the steady state change in allele frequency is zero,
p";’:’f‘” (0. Pave, #) = 0. We then describe slower changes, includ-

ing changes in allele frequency due to selection, by describing
the deviations that occur around this steady state. Specifically, to
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apwg + apwpg — 2wrg + v/4 (1 — ay) (1 — ap) Wrwgg + (Auwg — apwig)?

5=
H 2 [agwg + (1 — ay) Wg — weg]

, (A4)

Box 1.

order €, the variables are allowed to deviate from the steady state
by 8, = Sp€, nuw = fiwe, and py = P + pue, and the dynamics
f% (e, pave, 5) are then approximated using a Taylor series
expansion. Defining the average allele frequency by combining
haploid and diploid populations using an arbitrary weighting,
Pave = wpy + (1 — w) pp, we show in the Supplementary Mathe-
matica file (Class reproductive value in Supplementary parts) that
setting the weights proportional to the class reproductive values
(given by Eq. (2) with global regulation and Eq. (5) with local
regulation) is the only choice that separates evolutionary change
in pgye from changes in the other variables to order €. Defining the
average allele frequency in this way (Eq. (1a)), taking the Taylor
series, and reporting the results in the initial parameters (e.g.,
S(cr) rather than §;), where s, = €S(¢r)) the change in allele
frequency becomes:

E [ APael (6) = %] ~ MY (pg,0)

_ Dave (1 - pave) [
N 2

In the supplementary Mathematica file, we represent an exam-
ple of the simulation of 4-dimensional dynamics calculating the
fraction of times that the mutation fixed in the population (see
section “Example of 4-dimensional dynamics”)

2spdel + 203! pgye (1 — 2h) sjiy] -

(AB)

A.3. Second moment of change in average allele frequency

We next derive the second moment of change in average
allele frequency in a haploid-diploid population with asexuality.
We again assume that the population size is very large, that
selection is very weak, and that the system has approached the
steady state in (8,,, NHW » ,oH), ignoring deviations that are of O(e).
Because selection is assumed weak, the second moment is well
approximated by that of the neutral model (to constant order,
e — 0).

Under these assumptions, the fraction of haploids in a pop-
ulation is relatively fixed in both the global and local regula-
tion models, and we can sample the haploid offspring accord-
ing to a binomial distribution, with expectation and variance:

E [ Xu|X (t) = %| = quNy and Var [ Xy|X (t) =?<] = qu (1—qu)
Ny where qy = by / (br + by). To simplify the equation, we set
E [X(GT) X (6) = 52] — mer and Var [;;(GT) X (6) = ?c] = ven,
finding that:

E [AXM X (t) = ?c] = my — Xy, (A7a)

E [(AXM)Z IX () = 2] = vy + M2, — 2myxy + X (A7b)

In terms of allele frequencies (rather than numbers), we have the

first and second moments for the haploid offspring population,
E[ 251X (1) =?<] ﬁE[Apr? (t) =?<j and
E (%)2 X () = 2] = E [(AXM)Z X () = 2]

Similarly, the diploid offspring are sampled according to a

trinomial distribution, with expectation, variance, and covari-
ance: mr) qr)Np, vr) der) (1 = qen) Np, and Cov
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Xem, Xuam 1X (8) = X qrmdmvND, where qer) beny/
(brr + bgrm + bym). To derive the moments of the allele frequency
in diploids, we define, yy = (Xgm/2) + xum and Yy = Xrm/2) +
Xum. The moments of random variable Y are then:

E[YulX © =& = " + muw. (A8a)
2
- - m
E I:Y’\ZAX (®) =X:| — I}RM—F#RM

+ (COV I:XRMy Xum X (¢) = X] + mRMmMM) + (vmm + szM) ;

(A8D)

E [AYMU? (t) = ;?] _t [AXRMlj ©= }]
+ E| AXulX © =] = yu, (A8C)

E [(AYM)Z X (t) = &] —E [Y,a, X (t) = z]
— 2E [YM X (t) = ?c] Y+ Y. (A8d)

To consider the change in average allele frequency across the en-
tire population, we define Zy = cMode! X 4 cModel i and consider
the expectation of change in this random variable. Plugging in
Eqs. (A.7a), (A.7b), (A.8¢), and (A.8d), we have

B[4z X ) =3]

DPave (1 — Dave) I:(Cg/lodel)Z i)}A;IOdel + (CII-\I/IOdEI)Z (2)615/[0(181)]

= " (A9)
pfl\l/lodel (2pDModel) Ntot
After transforming time scales using the variable © = /Ny
and defining P () = Z (Nt ), we have the diffusion coefficient

i o2 . ..
vModel (pe) = limpy,, oo E | EEFADFE | by taking the limit

Nt — 00, giving Eq. (3c). Similarly, we derive the drift coefficient
using Eq. (A.6) (mModel = pgModel, ) giving Eq. (3b).

A.4. Class reproductive value of global regulation model

We now calculate the reproductive value of being haploid or
diploid, assuming only resident individuals. Specifically, we are
interested in knowing what the long-term contribution of an
individual is to the future population if it is sampled from either
haploids or diploids. Here, we describe the population dynamics
in a haploid-diploid population of resident alleles,

(1 — ap) WrRXRR + Ay WRXR

J/
Xgp = Ntot

s

[(1 — ap) wrrXgr + anwrXr] + |:(1 — ap) %“waR + aDwRRXRR]
(A.10a)

bj
(1 — ay) T wrxr + apwgrXgg

X;QR = Niot I .
[(1 — ap) wrrXgr + aHWRXR] + [(1 — an) Fwrxg + ﬂDwRRXRR]

(A.10b)

where, x; and X, indicate the average number of haploids and
diploid at the next time step.

The reproductive value of an individual type is generally cal-
culated for linear models without density dependence. Because
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the dynamics of xg and xgg converge to equilibrium, we modify
the recursions so that the total offspring pool size (denominator)
is held constant at its steady state value. This gives us a linear
model that allows us to focus on the effects of individual fitness
and movement without the density-dependent feedback:

(1 — dp) WRRXRR + Ay WRXR

X = ,
[(1 — ap) wrrPy + anRﬁﬁ] + [(1 —ay) f%wxﬁﬁ + aowmi)g]
(A11a)
i (1—an) fiRwRXR + dp WRRXRR
RR = _ AG N _ IR, AG ~cl’
[(1 — ap) wrrd§ + anwrdG] + | (1 — an) Bwgp§ + apwrrpy
(A.11b)
X, X
Egs. (A.11) can be described by the matrix, [ kR | = R
XRR XRR

At demographic equilibrium, the leading eigenvalue of matrix
W should be one (see details in Supplementary Mathematica
file; Supplementary parts in “Diffusion approximation for the
global regulation model”). The left eigenvector associated with
this eigenvalue is:

(1—!1H)fR(1—0D—/35) 1
(1=ap) (fr—an (2+(-2+f05))
which gives the relative individual reproductive value for a single
individual haploid or diploid. The class reproductive values scale
this up the contribution of each class,
56 (1-afe(1-ap—7 ) 5
T (-ap) (o —an (2+(-240005) ) 7

These are proportional to the class reproductive values, Eqs. (2).

T

(A12)

T
(A.13)

A.5. Class reproductive value of local regulation model

We next calculate the reproductive value of being haploid or
diploid with local regulation. We describe the population dynam-
ics in a haploid-diploid population of resident alleles,

o (1 — ap) wrrXRr + Gy WRXR (A142)
A 8 (1 — ap) WrrXRr + QHWRXR '
1— ay) Bwgxg + apwgex
X = ( H) 5 WRXR + GDWRRXRR (A14D)

D .
(1—an) ij WRXR + ApWRRXRR

For the local regulation model, because both the haploid and
diploid population sizes are fixed, we have the trivial dynamics
Xp = Ny and xpp = Np.

To assess the impact of slight changes around this state, we
again hold the size of the offspring pool constant at its steady-
state value, obtaining the linear set of equations:

,_ ap (1 —ap) WrrXgr + AHWRXR

Xgp = = = (A.15a)
A — ap) weedh + apwrpl
1— ay) Bugxg + apwgx
Xeg = ALL)( H)f?2 RAI:- DWRR iulz. (A.15b)
(1= ay) Fwrpy + apwrrPp
Eqgs. (A.15) can be described by matrix, X,R —w( *
XRR XRR

The leading eigenvalue of W is again one because of the assump-
tion that the population is at its steady-state size (see details
in Supplementary Mathematica file; Supplementary parts in “Dif-
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fusion approximation for the local regulation model”), and the
associated left eigenvector becomes,
1 )

This vector gives the relative reproductive value for a single
individual that is either haploid or diploid. The class reproductive
values scale this up, with the contribution of each class being
proportional to the class reproductive values, Egs. (5).

T

(A.16)

( (1—ay)fpwr (wRR—aDwRR+ﬂH wrAh —WRRi’b+aDwRR/51':1)

(1—ap)wrg (ZGDwRR+fR wrAY —apfRwrAk —ZGDwRRiJh)

Appendix B. Supplementary data

Supplementary material related to this article can be found
online at https://doi.org/10.1016/j.tpb.2021.11.002.
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