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A b s t r a c t .  We study reductive group actions on complex affine quadrics. Such 
an action is called linearizable if it is equivalent to the restriction of a linear 
orthogonal action in the ambient affine space of the quadric. A linear model for a 
given action is a linear orthogonal action with the same orbit types and equivalent 
slice representations. We prove that if a reductive group action on an afIine quadric 
with a 1-dimensional quotient has a linear model, then the action is linearizable. 
As a consequence, the action is linearizable if certain topological conditions are 
satisfied. 

I n t r o d u c t i o n  

1.1.  Let  G be a reduct ive complex algebraic group acting algebraically on a 
complex n-space C n. The  l inearization problem asks whether  such act ions 
are equivalent to a linear action, i.e., whether  there  is a G-equivar iant  iso- 
morphism C n -~, V, where V is a G-module  ([Kr2]). Luna ' s  slice theorem 
implies a positive answer if the quot ient  C'~//G has dimension 0. In [Kr-S], 
Kraf t  and Schwarz s tudied the next  complicated case of quot ient  dimension 
1. This  case is a l ready highly nontrivial ,  and the first examples  of nonlin- 
earizable act ions were found by Schwarz [$4] in this context .  Using these 
results, Knop  [Kn] proved tha t  every  noncommutat ive ,  connected  reduct ive  
group has nonlinearizable actions on some C n. 

In this paper  we s tudy  an analogous problem for reduct ive  group ac- 
t ious on the affine n-dimensional  quadric  X := { ( z l , . . .  , zn+ l )  E C n+l { 

~]'~+~ z 2 = 1} C C ~+1. If G is an algebraic group, every or thogonal  repre~ i = l  

senta t ion p : G --* On+l (C) determines  an act ion of G on X.  These  act ions 
are called linear actions, and we say tha t  an action of G on X is linearizable 
if it is conjugate  within the group of algebraic au tomorphisms  of X to  a 
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linear action of G on X.  

L i n e a r i z a t i o n  P r o b l e m :  Is every action of a reductive group on an affine 
quadric linearizable? 

1.2. So far no example of a nonlinearizable reductive group action on X is 
known. However, we do not believe that  every such action is linearizable, 
except under certain "smallness" assumptions. For example, every reduc- 
tive group action on the 2-dimensional quadric as well as all actions with 
d i m X / / G  = 0 are linearizable, see [D, 1.3 and 2.1]. 

In this paper we s tudy actions with dim X/ /G -- 1. Clearly, if linearization 
holds then there is a linear model in the following sense: 

Def in i t ion .  An orthogonal representation (V, G) is called a linear model 
for an action of G on X if X has the same orbit types and equivalent slice 
representations as the quadric Qv := {v E Y I (v, v) = 1} c Y with the 
linear G-action. 

The purpose of this paper is to prove that  the converse is true for actions 
with a 1-dimensional quotient: 

T h e o r e m  1. Let p : G x X --+ X be an action of the connected reductive 
group G on the quadric X such that dim X/ /G = 1. Suppose that the action 
has a linear model. Then it is linearizable. 

1.3. In [D] we studied under which circumstances a linear model exists. We 
used a topological approach, and for the results, as well as for Theorem 1, 
we need only assume that  X is an irreducible, smooth affine variety which 
is homotopy equivalent to a real sphere. We proved (see [D, 3.4]): 

P r o p o s i t i o n  1. Let G act on X such that dim X/ /G = 1. Then we have: 

(1) X/ /G ~ A, the a.~ne line. 
(2) There are two points p, q E A such that the principal stratum is 

A \  {p,q}. 
(3) The generic fiber of the quotient map (i.e., the fiber over the principal 

stratum) is a G-orbit, which means that the generic orbit is closed. 

Although we believe that  the assumptions in Proposition 1 insure the 
existence of a linear model, we were able to prove existence only under the 
additional hypotheses (see [D, w 

P r o p o s i t i o n  2. Let G and X be as in above. Then a linear model exists 
in the following cases: 

(1) The C-action on X has a fixed point. 
(2) The principal isotropy group of the action is connected and the di- 

mension of the slice representations is > 2. 

Together with Theorem 1 we obtain: 



M. DOEBELI 189 

T h e o r e m  2. Let p : G x X --* X be an action of the connected reductive 
group G on the quadric X such that dim X//G = 1. 

(1) I f  p has a fixed point then p is linearizable. 
(2) I f  the principal isotropy group is connected and if  the dimension of 

the slice representations of both exceptional isotropy groups is > 2, 
then p is linearizable. 

1.4. The proof of Theorem 1 follows the approach outlined in [Kr-S] by 
Kraft and Schwarz for the case of reductive group actions on the affine 
space C n. It consists of two steps. The first is to show that the fibrations 
over the principal s t ratum of the quotients corresponding to a given action 
and to its linear model are G-isomorphic. The second step is to show that  
there is, up to G-isomorphisms, only one way to glue the two exceptional 
fibers given by Proposition 1 into this fibration. For both steps knowledge 
of the automorphism group schemes that are associated with the linear 
models of quotient dimension 1 is crucial. The definition of these group 
schemes is recalled in Section 3. To determine their structure, one needs the 
classification of linear models, which was carried out in [D, w The tables 
from [D] are repeated here in the Appendix. 

Compared to the case of actions on affine space studied in [Kr-S], the 
present situation is more complicated due to the geometry of the quadric, 
which implies the existence of two exceptional orbits instead of just one. 
On the other hand, there are fewer linear models to be considered for 
the quadric, and in contrast to actions on affine space, it turns out that  
these linear actions already exhaust, up to equivalence, all actions with a 
1-dimensional quotient which have a linear model. 

1.5. To conclude the introduction, we state the conventions and notation 
valid throughout this paper. All the varieties will be defined over the com- 
plex numbers, and most of the time we will work with affine varieties. If 
W and Z are varieties over Y, W ( Z )  denotes the set of morphisms Z --* W 
over Y. Let G be a reductive algebraic group acting on an affine variety 
Z. We denote by O(Z) the C-algebra of regular functions and by O(Z)  G 
the subalgebra of G-invariants. A famous theorem of Hilbert asserts that  
O(Z) a is a finitely generated C-algebra (see [Krl, II.3.2]). Let Z//G de- 
note the corresponding affine variety, and let r z  : Z ~ Z//G denote the 
morphism corresponding to the inclusion O(Z)  c C O(Z).  

P r o p o s i t i o n  (see [Krl, II.3.2]). 

(1) 7r z is surjective. 
(2) Every fiber of r z  contains a unique closed G-orbit, hence lr z sets up 

a bijection between the closed orbits in Z and the points of Z//G. 

If V is an M-module where M is an algebraic group, we will also use 
the notation (V, M)  to emphasize the group involved. Luna's slice theorem 
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provides a strong link between general reductive group actions and repre- 
sentation theory. We will often use this important  result. For a detailed 
t reatment  of the slice theorem we refer the reader to the original article [Lu] 
of Luna, or to the article IS1] of Slodowy. 

We make the following general assumptions. The connected reductive 
group G acts almost effectively on X such that  dimX//G -- 1, where X is a 
smooth affine variety which is homotopy equivalent to a real sphere. (Here 
almost effectively means tha t  the kernel of the action is finite.) The  action 
has a linear model  (V, G), which is one of the representations in Tables 2-5 
in the Appendix by [D, 5.1]. We denote by Q the quadric Qv := {v E Y I 
(v, v) = 1} c Y with the linear G-action, and by .~ := A\{p,  q} the principal 
s t ra tum of the quotient Q//G = A, cf. Proposit ion 1 in 1.3. If u, v are the 2 
exceptional points in A --- X//G, there is a linear automorphism of A which 
sends u to p and v to q; hence by identifying X//G with Q//G we may assume 
that  u = p and v -- q. We will need various local versions of the varieties 
X and Q. We denote by J( := 7rxl(.~) and Q := 7r~)1(.~) the fibrations 
over the principal s t ra tum with fibers isomorphic to the generic G-orbit 
(cf. Proposit ion 1 in 1.3). We define the variety s  by O(s := C[[z - p]], 
the formal power series in z - p .  It is a formal complex analytic neighborhood 
of p in A. We denote by )(p the pullback X x A Ap, where Ap --. A is given 
by C[z -p ]  ~ C[[z-p]] .  Qp, .~q, )(q and (~q are defined similarly. We define 
Ap := A \ {p} and Xp := X • -~p = X \ 7rxl(p). (~p, s Xq and (~q are 

^ 

defined similarly. Finally, we define Ap as the schematic intersection ~,pNAp. 

Hence by O(Ap) = C ( ( z -  p)), where C ( ( z -  p)) denotes the Laurent  series in 

z - p .  Xp is then given as the pullback X • where Ap --+ A is induced 

by C[z - p] ~ C((z - p)). 6p, Aq, ffq and 6q are defined analogously. 

Finally, we will use the following groups: A and B are the exceptional 
isotropy groups corresponding to the points p and q, and H is the principal 
isotropy group. We can assume tha t  H C A r B. Let N := Nc(H) /H  
where NG(H) is the normalizer of H in G. Thus N is the group of G- 
isomorphisms of the generic orbit G/H. Similarly NA := NA(H)/H and 
N := NB(H)/H are the A- resp. B-automorphism groups of the generic 
orbits in the slice representations of A and B. We often regard NA and NB 
as subgroups of N. Since the slice representations of A and B are orthogonal 
with the 1-dimensional quotient,  Table 1 in the Appendix shows tha t  NA 
and NB are isomorphic to either C*, SL2 or Z2. (Applying the theorem of 
Luna-Richardson, see 3.4 below, to the slice representations shows tha t  the 
reductive groups NA and NB are affine quadrics, which only leaves the three 
possibilities mentioned.) 

2. A condit ion for linearizability 

2.1. The strategy to at tack the linearization problem is given by the next 
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P r o p o s i t i o n .  X is Glisomorphic to Q if and only if the following holds: 
(1) There are G-isomorphisms 

over A, Ap and Aq respectively. 
(2) The isomorphisms (5, ~p and ~q induce the same isomorphisms 

@,, := ,hl~,, = @pl~-: ~,, ---% ~,,, 

Proof. Clearly, (1) and (2) hold if there is a G-isomorphism X -~ Q. We 
? 

show that  the converse is also true. Taking intersections within O(Ap) and 
? 

O(Aq) respectively, we have O(A) N O(Ap) -= O(Aq) and O(A) N O(Aq) = 
O(Ap). Similarly, within O(A) we have O(&p) N O(Aq) = O(A). Thus we 
get exact sequences: 

0 --, o ( A )  --~ o (Ap)  �9 o ( h ~ )  --, o ( ,~) ,  

0 ---, o (A, , )  ~ o ( s  �9 o ( h q )  ---, o ( h ~ ) ,  

0 -~ o(A,,) ~ o (~ )  �9 o(hp) ~ o(~,,). 

Since both quotients 7rx and 7rQ are given by a regular function, they are 
both flat. Tensoring the above sequences with O(X) and O(Q), we therefore 
get these pairs of exact sequences: 

o --, o ( x )  --, o (x , , )  �9 o(Jc~) ----, o ( ~ ) ,  

o ~ O(Q) ~ o(o,p) �9 o ( 0 ~ )  - ,  o(O,), 

o -~ o(Jcp) -~ o ( X )  �9 o (Xq)  ~ O(~q) ,  
? 

o -~ o ( o p  l~ o ( O )  �9 o (0~)  l~ O ( Q j ,  

o o(x~) oot)  �9 o ( ~ )  ~" ----, ----, - - ,  o ( x , , ) ,  

o -~ o(o~) -~ O(Q) �9 o(Op -~ o(op. 

Assume that there is a G-isomorphism between the middle terms of such 
a pair of sequences, given by two G-isomorphisms between the direct sum- 
mands. If the image of this isomorphism between the right hand terms of 
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the pair of sequences is the identity, then the isomorphism induces a G- 
isomorphism between the left hand terms. Working our way upwards in 
the pairs of sequences above it then follows from assumption (2) that  the 
G-isomorphisms ~, ~p, ~q induce a global G-isomorphism ~o : X --. Q. [] 

2.2. To prove Theorem 1, we will find G-isomorphisms that satisfy the 
assumptions of 2.1. As a first step, the slice theorem gives G-isomorphisms 
Cp over Ap and Ca over Aq as in 2.1 (1). In fact, let (W, A) be the slice 

representation corresponding to the exceptional point p. Let l~  denote the 
(formal) completion of W along the fiber of the quotient W --. A that 
contains 0 E W. There is an induced action of A on l~, and we denote by 
G X A~r the quotient of G x l~  induced by this action and the A-action 
on G by right multiplication. Then the slice theorem implies that  there are 
G-isomorphisms 

Qp c• " 2p. 
It is easy to see that  we can assume that these isomorphisms are maps over 
the quotient Ap. An analogous statement holds for the point q, whence the 
claim. 

To proceed, we have to find G-isomorphisms ~ over the principal stra- 
tum, and then we have to glue the pieces together. For this we will s tudy 
an affine group scheme, the automorphism group scheme A that  is associ- 
ated to the flat quotient Q --~ A. A G-isomorphism ~ is a section of the 
principal A-bundle of fiberwise G-isomorphisms from J~ to Q. Hence we 
have to show that  this bundle is trivial. Fitting the local isomorphisms to- 
gether to a global G-isomorphism translates to a condition on sections of 
the group scheme A: multiplying ~p, ~q and ~ by sections of .4 yields new 
G-isomorphisms, and we have to show that  there are appropriate sections 
such that these new G-isomorphisms coincide locally and hence satisfy the 
second assumption in Proposition 2.1. This amounts to showing that there 
is, up to G-isomorphisms, a unique way to glue the two exceptional fibers 
over p and q into the principal fibration over A. 

3. T h e  a u t o m o r p h i s m  g r o u p  s c h e m e  a n d  
l i n e a r i z a t i o n  w h e n  i ts  gene r i c  f ibe r  is f in i te  

3.1. Recall that  an affine group scheme over Y is a variety G together with 
an affine morphism 7r : G --~ Y and the structure of an algebraic group in 
each fiber of 7r such that  this structure depends algebraically on y E Y. For 
precise definitions see [D-G, III.4] or [Kr-S, III]. 

Let G be a reductive group and X an affine G-variety. Assume that the 
quotient map 7r : X ---, X / / G  is flat. Given a morphism r : Z ---* X / / G ,  we 
denote by X z  the fiber product X X x g v  Z. Then G acts on X z ,  and the 
projection ~rz is the quotient map. Define the group 

Aut (Xz)  c := {~o : X z  ~ X z  [ ~o is G-equ ivar ian t  and r z  o ~o -- 7rz}. 
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It is clear that  this group depends functorially on Z. For the proof of the 
next proposition see [Kr-S, III.2.2]. 

P r o p o s i t i o n .  The group functor Z ~ Aut (Xz)  c is represented by an 
a~ne group scheme, the automorphism group scheme ~r �9 .A~ ---, X//G over 
XIIG, i.e., 

Aut(Xz)  c = {morphisms a :  Z ~ .4Gx ] r o a = r 

The group scheme .A~ is locally constant in the dtale topology over every 
stratum of X//G. 

3.2. As an example, let (V, G) be an orthogonal representation with 1-di- 
mensional quotient V//G = A (see Table 1 in the Appendix). This quotient 
is fiat, and the principal s tratum is A = A \ {0}. The generic fiber of 
the automorphism group scheme .AGv, i.e., the fiber over a point of/i~ is 
isomorphic to the group N = AutG(G/H), where G / H  is the generic fiber 
of the quotient. There is a faithful action of N on V commuting with G 
and stabilizing the invariant quadric, i.e., inducing G-automorphisms of V 
over the quotient, hence global sections of AGv. It follows that the restriction 
.AvGIh to the principal s tratum is constant. Moreover, if C denotes the clo- 
sure of AGv [), in ACv, then C ~- A • N. 

3.3. If Q is the quadric with a linear action and 1-dimensional quotient, 
the quotient map is flat, and the associated automorphism group scheme 
,4 := ,4~) is locally constant over the principal stratum A with fiber N = 
Au tc (F ) ,  where F ~- G / H  is the principal fiber of the quotient map (cf. 
1.5). We want to determine how the restriction of .A to )~ is twisted around 
the two missing points. 

Recall the definition of NA and NB as the normalizers of the principal 
isotropy group H C A m B in the exceptional isotropy groups A and B, see 

^ 

1.5. Let B be a copy of the affine line, and define B :-- B \ {0} and B by 

O(B) := C((z)), the Laurent series in z. 

P r o p o s i t i o n .  There are subgroups F A C NA and FB C NB, isomorphic to 
7.2, such that the following holds: 

A I ~  ~ B x rA = N, 
p 

AIi = ~ B xrBN, 
q 

where F A and FB act on N by conjugation and on B by sending z to - z ,  

and where B x r A Y  and ~ x rs  N denote the quotients of B x Y by these 
actions. 
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The actions of F A on NA and FB on NB are trivial. Therefore, the sub- 

groups NA and NB of N,  viewed as sections of A over Ap and Aq, extend 
over the points p and q respectively. 

Proof. Let (W, A) be the slice representation 
7rw : W --~ A, where we arrange that ~rw(0) 
A / H  be the generic fiber of this map. Since 
polynomial, there is an action of a subgroup 
of A-isomorphisms of Fw given by - i d .  FA 
A = ~ / F  A. There is a canonical A-equivariant 

at p with the quotient map 
= O. Let f w  :=  7r~,1(1) 
7rw is given by a quadratic 
FA ~ Z2 of the group NA 

also acts on B by - i d ,  and 
morphism 

p : B x F w - - ~ B X A W ,  

(z, w) ~ (~, z~), 

over B. I f ~  xrAFw denotes the quotient oflB x Fw by I'A, it is easy to see 
that the map p induces an A-isomorphism 

p:~ x r~  Fw --, W, 

where l)d := W \ {rrwl(0)}. From this we obtain a G-isomorphism, denoted 
by the same symbol: 

p 1~ x rA (G x A F w )  -~ C x A W,  

[~, [g, ~]] ~ [g, z~] .  

? 

Over • we get from this and the slice theorem a G-isomorphism 

? 

over B. Here G X A F W  is isomorphic to the generic orbit F in Q. By 
functoriality of the group scheme .4 we obtain the first claim for the point 
p, and also for the point q in a completely analogous way. 

The NA-action on the fiber Fw extends to an action on W commuting 
with A by 3.2. Therefore, the FA-action on NA C N must be trivial, and 

? 

NA C A(Ap), i.e., as sections of A over Ap, NA extends to p. Thus the sub- 
group NA C N is only twisted around the point q. An analogous statement 
holds for NB C N. [] 

3.4. In the rest of this section we prove linearization in case the generic 
fiber N of .4 is finite. Let (V, G) be the linear model, and let V H denote 
the variety of fixed points of V under the action of the principal isotropy 
group H. By a theorem of Lung and Richardson (see [Lu-R, Thin. 4.2]) the 



M. DOEBELI 195 

quotients V//G and v H f f N  are isomorphic. Thus V H is 2-dimensional if N is 
finite. Because V H has a unique N-s tab le  complement in V, it follows that 
the restriction of Q to V H is a nondegenerate N-invariant quadratic form, 
hence that  QH ~ C* and N is a finite subgroup of 02 (C) = C* >~ Z2. As such, 
it is either a cyclic subgroup of the connected component of the identity C* 
of 02 (C), or a dihedral group :D2n for some n _> 1, where :D2n is generated 
by the generator a of the subgroup Z2 in the decomposition of O2(C) above, 
and by an element b E C* of order n, i.e., :D2,, = <  a, b I a2 = bn = 1, ab = 
bn- la  >. Since Q H / N  = C * / N  ~- Q / G  = A, the former is impossible, hence 
N is a dihedral group :D2n. Note that by considering the standard action 
of :D2~ on C 2 given by a(x, y) = (y, x) and b(x, y) -- (bx, b - ly ) ,  it is easy 
to conclude from the theorem of Luna and Richardson that  if f ,  g e O(V) c 
are homogeneous generators of O(V) G such that Q is the zero set of f - 1, 
then n = deg g. 

P r o p o s i t i o n .  There is a G-isomorphism J( __7_. O over A. 

Proof. The bundles .j(H and 0 H over A are the principal N-bundles asso- 
ciated with X and Q- We have to show that there is an N-isomorphism 
.j~g ._+ OH over .~. We first show that the set of fixed points X H is con- 
nected by applying Smith theory. The classification in the Appendix shows 
that, for every linear model with finite N, one of the following is true for 
H: 

- H is a dihedral group; 
- H is a torus; 
- H contains a torus or an extension of a torus by Z2 or Z2 x Z2 which 

has the same fixed points as H in the linear model Q, hence also in X. 

(The only non obvious cases are the representations of C3, F4 and C2 x Cm 
in Table 4, but  by looking at the slice representations and using Luna's 
theorem, one sees that  in these cases the third statement is true.) In each 
case we can apply Smith theory (see [B, Chap. III, w and w to conclude 
that X H has the R-cohomology of a sphere, hence X g is connected. 

Applying the theorem of Luna and Richardson to X, we see that  XH/N 
A. Moreover, all but  two of the fibers consist of IN I points, and the two 

exceptional fibers consist of 21~ points. We therefore obtain for the Euler 
characteristic of x H :  

x ( X  H) : n .  x(pt)  + n .  x(Pt) + 2n.  X(s = 0. 

Thus X H is an affine irreducible smooth curve with vanishing Euler char- 
acteristic, and it follows that X H '~ C*. We already know that QH ~_ C*. 
Since N is a dihedral group, there is a unique way to embed N into the au- 
tomorphism group of C* such that the quotient is isomorphic to the affine 
line A, and it follows that there is an N-isomorphism X H ~ QH over A 
whose restriction to A is an N-isomorphism j~H __. OH. [] 

3.5. Linearization now follows from the next 
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Propos i t ion .  
tively: 

The following holds for sections of.4 over Ap and Aq respec- 

. 4 (A, )  = .4(Ap), 

= . 4 ( A j .  

Proof. By construction the principal isotropy group of N on QH is trivial, 
and there are two exceptional isotropy groups N A  and NB, both isomorphic 
to Z2. Consider the action of Ni on N -- :D2,~ via conjugation, i -- A, B. 
One easily verifies the following: if n is odd, then N N~ =- Ni;  if n is even, 
then the center Z(N) of N is isomorphic to Z2, and N N~ : Ni • Z ( N ) .  In 
the sequel, we will carry out the arguments for the point p, but everything 
will be the same for the point q. It is clear that the group FA in Proposition 

3.3 is just the group N A  in the present situation. Thus `4(Ap) ~ • x NA N, 
where NA acts on N by conjugation. By 3.3 we have NA C A(Av). If n is 

odd, we conclude that  A(Ap) = N NA = NA C A(.~p), which implies the claim. 

If n is even, then A(Ap) = g NA = N A  x Z ( N ) ,  and since NA C A(lkv) C 

A(Ap), we only have to show that  there is a section in A(Ap) which is not 
in N A .  As mentioned in 3.4, the generating invariants of O(V) c both have 
even degree if n is even. It follows that there is an action of Z2 on V, 
given by + id, which commutes with G and fixes (_9(V) c ,  hence induces a 
global section of .4 of order 2. It also induces a section w E .4(Ap). It is 

clear that  the section w, viewed as a G-automorphism of Qp over Ap, has 
no fixed points, whereas it is equally clear that  the automorphism of Qp 
corresponding to the generator of NA has fixed points, namely the closed 
orbit in the fiber over p. Thus, w q~ NA as a section over .~p. [] 

Coro l l a ry .  Suppose the given G-action p on X has an orthogonal linear 
model such that N = N e ( H ) / H  is finite. Then p is linearizable. 

Proof. Let ~p : Qp --+ Zp, ~q : Qq ~ Xq and r " r ~ J( be the G- 
isomorphisms which exist by 2.3 and 3.4, and consider the sections ~ -1  o r  E 

.4(Ap) and ~ 1  o r e .4(~q). By the last proposition we have ~-1  o r = 

; r ve  .4(Ap) and ~b~ 1 o r --- ;rq e .4(s Define new G-isomorphisms 

~bp := C v ' ~ :  Qp ~ ~'p and ~3q := Cq';rq : Qq ~ Xq. Then the isomorphisms 
~bv, ~bq and r satisfy both of the assumptions in Proposition 2.1, and the 
claim follows. [] 

4. Linear izat ion  w h e n  N has posi t ive  d i m e n s i o n  

4.1 We will now deal with the case that  the group N is positive dimensional. 
A glance at the classification shows that  this only happens if the linear model 
is reducible. We distinguish two subcases: 
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Type 1: The linear model is of the form (W ~ W*, G), where W is a G- 
representation without invariants (Table 5 in the Appendix). 

Type 2: The linear model is of the form (V, G) = (VI, G ) ~  (V2, G), where the 
(Vi, G) are orthogonal representations with 1-dimensional quotient (Tables 
2 and 3 in the Appendix). 

4.2. The structure of the automorphism group schemes for linear models 
of Type 1 can be determined using the following remarks. Since the linear 
model (V, G) is orthogonal and has a 2-dimensional quotient, it follows from 
[$2] that  the ring of regular functions O(V) is a graded free module over the 
ring of invariants O(V) c, and that  there is a G-stable homogeneous subspace 
T C O(V) such that  multiplication induces an isomorphism O(V) a | T --Y--, 
O(V). Let V1,... , V~ be the irreducible components of V. Then the sum 
Ti of all subspaces of T which are isomorphic to V/* is finite dimensional 
(see IS1]), and the multiplication induces an isomorphism O(V) c | Ti --7-+ 
O(V) c �9 Ti onto the isotypic component of O(V) of type V/*. The natural 
projection pr : O(Y) ~ O(Q) induces an isomorphism O(Q) a | S 
O(Q), where S = pr(T) is isomorphic to T. If S~ := pr(T~), it follows that  
the multiplication induces isomorphisms O(Q) v | Si ._7_. O(Q)G . Si onto 
the isotypic component of O(Q) of type Vi*. It is shown in [Kr-S, III.2.3 
and 2.4] that the group scheme .4 is completely determined by the sum of 
these isotypic components. The reason is that a G-automorphism over the 
quotient is determined by its action on the generating invariant and on the 
isotypic components of O(Q), i.e., by its action on the O(Q)C-module of 
all G-equivariant morphisms V ~ V, or, equivalently, of the G-invariant 
vector fields A(V) c on V. Consider now the representation (V H, N) of N 
on the subspace of V that  is fixed by the principal isotropy group H, where 
N = NG(H)/H as usual. Then the obvious restriction maps induce the 
following commutative diagram for invariant vector fields: 

A(V)C A(Vn)  

The projections are surjective, and resv is an isomorphism if and only if resQ 
is an isomorphism. It follows from the above that if resy is an isomorphism, 
then the automorphism group schemes of Q and of QH are isomorphic. 

4.3. For all linear models of Type 1 resy is an isomorphism. For the first en- 
try of Table 5 this is straightforward; for the remaining three entries it is con- 
tained in the results of w in [$3] (see Table I, entries 4 and 7', and Table IV, 
entry 19 in [$3]). Thus, for linear models of Type 1 the automorphism group 
schemes are those associated with the N-action on the invariant quadric 
QH C V H in the representations (V H, N). For all Type 1 models, these rep- 
resentations are equivalent to the following: V H = C 4, N = C* x (C* >~ Z2), 
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and the action is given by (t, s)(x, y, z, w) = (tsx, t s - t y ,  t - l s z ,  t - l s - l w )  for 
(t, s) E C* x C* and by 7(x, y, z, w) = (y, x, w, z) for the generator 7 of Z2. 
The quadric QH is given by Q/4 = {(x, y, z, w) E V H I xw + yz  = 1}. Note 
first of all that  there is a C*-action on V H that  commutes with N and fixes 
the invariants. It is given by the connected component of the identity in the 
center of N. It follows that  the automorphism group scheme `4 contains a 
central subgroup A/[ ~ A x C*. For the isotropy subgroups A and B cor- 
responding to the cexceptional points p and q, we have A = NA ~- C* and 
B = N B  ~ Z2 (w.l.o.g.), and NA >~ NB corresponds to the factor C* >4 Z2 
of N. 

Let N O denote the connected component of the identity of N. Then 
N O = C* x C* and N / N  ~ '~ Z2. Consider the restriction ( V H , N  ~ of 
(V H, N)  to N o and the corresponding linear action of N O on QH. Again 
we have QH//N~ ~- •, where B denotes the affine line. The two exceptional 
points p' and q' of this quotient correspond to isotropy groups isomorphic to 
C*. Let C denote the automorphism group scheme of the N~ on QH. 
This group scheme is essentially constant: the closure of the restriction 
CI~ (where A = A \ {p', q'}) is isomorphic to A x N ~ The group g / g  ~ 
acts on ~ by identifying p' and q', the corresponding point of the quotient 
]~ / (N /N  ~ = A : QH/ /N  being the exceptional point p. The exceptional 
point q of this quotient is the image of the unique fixed point of the N / N  ~ 
action on B. If `40 denotes the connected component of the identity section 
of the group scheme .4 that  corresponds to the N-action on V H, it follows 
that  

.40 ~ ~ xN/N~ 6. 

N / N  ~ acts trivially on the center of N, and nontrivially on the other factor 
C* of C that  corresponds to NA.  It follows that the restriction ./[ o IA~, where 

s  = A \ {q} contains a normal subgroup scheme •q ~- ~ x rB NA, where 
N / N  ~ = FB = NB ~ Z2 (cf. Proposition 3.3). Moreover, since the subgroup 
NB extends as sections of A over the point q by Proposition 3.3, it follows 
that  

A/A~ ~ Ap x Z2, 

where ,/~p=A\{p}. These remarks prove part (1) of the next proposition. 

Proposition. 

(1) For linear models of Type 1, let `40 denote the connected component 
of  the identity section of`4.  Then `4/,4~ ~ ,/~p x Z2. Let ~, FB 

and NA be as in Proposition 3.3. Over Aq, .4 o contains a subgroup 
scheme .Aq ~- ~ x r8 NA. Moreover, fit contains a central subgroup 
f14 - A x C*, and there is an exact sequence of group schemes over 
s 

1 --~ .,4q ~ A~ ~ M]h  q ~ 1. 
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(2) For linear models of Type 2, let ~,  F A, I'B, NA and NB 
Proposition 3.3. Then the following holds: 

- Over &p, fit contains a subgroup .~p ~- &p x NB. 
- Over &q, fit contains a subgroup Aq -~ B x r B N A  . 
- Over &, there is an exact sequence 

be as in 

A~I .41 (.41A )1,~ "" A,,I 1---~ &--', &..~, q = X ---~ 1.  

(Of course, these statements hold up to interchanging p and q.) 

Proof. We are left with proving (2). Let (V, G) = (1/1, G)~(V2, G) be a linear 
model of Type 2, where (V/, G), i = 1, 2, are orthogonal representations with 
1-dimensional quotients. Then the quadric Q c V is given as the set of 
points v e V such that f (v )  + g(v) = 1, where f and g are the quadratic G- 
invariants on V1 and 172. We may assume that  the quotient Q --~ A is given 
by the function g. Then the exceptional points of the quotient are p = 1 
and q = 0. The exceptional isotropy group A corresponding to p is the 
principal isotropy group of the G-action on V2, and its slice representation 
is (171, A). Similarly, the exceptional isotropy group B corresponding to the 
point q is the principal isotropy group of the G-action on V1, and its slice 
representation is (V2,B). Let c 7~ 0,1, let F1 = f - l ( 1  - c )  be a generic 
G-orbit in V1, and let F2 = g- l (c)  be a generic G-orbit in 112. Then, clearly, 
F1 x F2 is a generic G-orbit in Q. 

Let ]13 be a copy of the affine line. As in the proof of Proposition 3.3, we 
get a G-isomorphism 

~ • -~Yl, 
[t, Vl] ~ t . v l ,  

where 171 := V1 \ {nullcone}, and where FA is a subgroup of NA =- N A ( H ) / H  
which is isomorphic to Z2 and whose generator acts on V1 as - id. Similarly, 
we get a G-isomorphism 

~ xr~F2-~  ~ ,  

[z, v2] ~ z. v~, 

where B ~ ]~. Consider the maps D ~ & given by t ~-* - t2 (1  - c) + 1 and 
--. & given by z F-, cz 2 and let Y := ]~ x~ B be the pullback over ,~ with 

Y --* A defined by (z, t) ~-* cz 2, where t T~ O, 1 -1 a n d z 7 ~ 0 ,  1 -1 1,/r=-/-~, ~/1-c v~' v~" 
T h e n  the two G-isomorphisms from above induce a G-isomorphism 

r  r x r ~ x r "  (F1 x F~) -~ Q, 

[(t, ~), (v,, v~)] ~ (tv~, ~v~), 
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over A (where Q ~ s is given by g and Y xrA• ( F  1 x F2) is induced by 
Y --. A). By functoriality, we get an isomorphism over 

~o : Y x r ~ •  ~ A[~, 

where N is the group of G-isomorphisms of the generic fiber F1 x F2 over 
Q//G. The actions of FA and FB on N are induced by their actions by - id 
on F1 respectively F2. The induced action of FA is trivial on NA C N,  
and it follows that Y x r~•  N contains a subgroup Y x r s  NA. Since FB 

does not act on D, it is clear that  this subgroup extends over the point p 
to a group scheme B x rB NA over Aq. On the other hand, we know that 

? 

the group NA also extends over the point p as sections in ,4(Ap), see 3.3. 
It follows that the isomorphism ~o extends to an isomorphism of ~ x r s  NA 
onto a subgroup scheme ,4q C A[Aq. Similarly, over the point q, ~o extends 

to an isomorphism of ~ x rA NB onto a subgroup scheme ~p  C .A[/L . 
For linear models of Type  2 it follows from the classification or with the 

help of the theorem of Luna and Richardson that N = NA .NB, i.e., that  ev- 
ery n E N can be written as n = nA �9 nB with nA E NA and nB E NB. The 
classification also shows that we can assume that NA is a positive dimen- 
sional connected normal subgroup of N.  In fact, the connected component 
N O of the identity of N is a group of rank _ 2 that  is not simple, hence one 
of the following: C*, SL2, C* x C*, C* x SL2, SL2 • SL2. It is now easy to 
check that we can assume that NA is one of the factors of N ~ If N o has 
two factors then N O --- N,  and NA is normal in N. If N O has only one factor 
then NA ---- N o is again normal in N. The exact sequence in claim (2) now 
follows from N = NA �9 NB if we can show that .Ap is constant. Recall that  
FA lies in the center of NA. If N is connected then, by the above, the center 
of NA lies in the center of N,  andif  N is not connected, then N = NA >~NB with 
NB ~ Z2. In both  cases FA C NA acts trivially on NB, whence the claim. [] 

4.4. Consider the functor which associates to each morphism Y --~ A the 
set of G-isomorphisms Y x~ Jf  --~ Y x~ d~ over ,~. It is represented by a 

variety 7 ~ ~ ,~ (see [D-G, III, w If .A denotes the restriction A[s then Ji 
acts on 7 ~ from the right. The slice theorem implies that there is a variety 
Z and an ~tale surjective morphism Z --* .~ such that Z x~. P and Z x~. fiL 

are isomorphic as Z x~, .~-varieties with the obvious actions. That  is, P is 

a principal .~-bundle, i.e., an element of the cohomology set H~t(A , 4 )  of 
principal fi,-bundles over s (cf. [D-G, III, w A G-isomorphism J~ --* 
is the same as a section A ~ 7 ~, and the existence of such a section is 
equivalent to :P being the trivial bundle, i.e., isomorphic to .A. 

P r o p o s i t i o n .  :P is trivial, hence there is a G-isomorphism X ---* (~ over A. 

Proof. Consider first linear models of Type 1. There is an exact sequence 

1 "" 1 "" H~t(A, A~ --~ H~t(A, 4 )  A H~t(s  , (A/A~ 
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The image f~(P) is a Z2-bundle over A by Proposition 4.3 (1). This bundle 
has sections around the two missing points in ,~ because of the slice theorem. 
Therefore it is trivial, hence 7) is induced by an element P '  of H~t(A, ,4~ 
The exact sequence in (4.3)(1) implies an exact sequence in cohomology: 

f~t 
H t(h, Aql ) - .  - - .  U t(h, 

Now M]h  ~ ,~ x C*. Hence the image fl'(:P') is a C*-bundle over A and 
therefore trivial, because being a smooth affine rational curve ,~ has a trivial 
Picard group. Thus 7 ~' is induced by an element Q of H~t(A , fi-qlh)- We want 
to show that  Q is the trivial bundle. Recall that .~q ~ B x z2 NA. Assuming, 
as we may, that p = 1 and q = 0, it follows that  -~qlh becomes constant 
over a double cover of the form B + A, where ~ := ~ \ {0, 1 , -1} ,  and 
where the covering map is given by z H z2: ~ xa  Aq ~ ~ x C*. But then 
the pullback B xh Q is again a C*-bundle over the smooth affine rational 
curve ]~ and hence trivial. Thus Q belongs to the set of principal bundles of 
.4q [h which become trivial when lifted to ~. It is known that  the elements 
of this set correspond bijectively to the elements of the 1-cohomology set 
of the covering group Z2 with values in the space of sections ~ --* ~ x ~ Aq 
(see e.g. [Kr-S, w.4.3]). Since ~ x~, ,~q -~ ~ x C*, this latter space consists 
of units in O(~). Thus it is enough to show that Hi(Z2, O(~)*) is trivial. 
Now O(~)* = C[z, z -1,  (z - 1) -1, (z + 1)-1] *. The generator 7 of Z2 acts on 
an element h ( z ) = A ,  za(z  - 1)b(z + 1) c e O(~)* (where)~eC*, a, b, c e Z )  by 

"rh(z) = h ( - z )  -1 = ) ~ - l z - a ( z  _ 1)-~(z + 1) -b. 

To calculate Hi(Z2, O(B)*), one has to consider the elements D = ~ -  1 and 
N -- ~/+ 1 of the group algebra over Z2. These elements opera teon  O(~)* 
by 

D(h(z )  ) ='~ h(z) - h(z)  -1, 

N ( h ( z ) )  ='Y h(z) . h(z).  

By [Se, Chap.VIII, w we then have 

Hi (z2 ,  O(]~)*) = Ker(N) / I ra (D) .  

An easy calculation shows that indeed Im(D) -- Ker(N),  whence the claim. 
For linear models of Type 2, it follows from the exact sequence in Propo- 

sition 4.3 (2) that  it is enough to show that H~t(A , "~p]h) and H~t(,~, Aq];~) 
contain only the trivial element. Since Ap is constant, the first claim follows 
again because ,~ is a smooth affine rational curve. If NA '~ C*, the sec- 
ond claim follows as for linear models of Type 1. Else we have NA ~ SL2. 
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An easy exercise shows tha t  the following is true: suppose the cyclic group 
F C ~ acts on ~ in the natural  way and on the algebraic group L by group 
automorphisms.  Then the group, scheme ~ • r L is constant if the action of 
F on L extends to an action of B. In particular, this is the case if the auto- 
morphism group of L is connected (embed F in a maximal torus of Aut(L)).  
In the present si tuation it follows that  .Aq is constant if NA ~ SL2 because 
Aut(SL2) = PSL2. But then Hlt(J~,.Aq[)~) is trivial, again because A is a 
smooth affine rational curve. [] 

4.5. By 2.2 and by the last proposition, for all linear models of Type 1 
and 2 we now have G-isomorphisms ~ :  Q - ,  )( over ,~, Cp:  (~p ~ )(p over 
Ap and Cq: Qq --* )(q over Aq. By Proposition 2.1, to get linearization we 
have to multiply these isomorphisms by appropriate sections of the group 

scheme .A so tha t  ~-1  o Cp C .4(Ap) and ~-1 o Cq E .A(,~q) reduce to the 
identity section. First of all we remark that  it is enough to consider the 
connected component  .A ~ of .A. For if .A is not connected, then by 4.3, 
(.A/A~ -~ A x Z2, and the section corresponding to the generator of Z2 
extends over one of the exceptional points. By multiplying r with this 
section, and, if necessary, also the G-isomorphism given in a neighborhood 
of the exceptional point to which the section extends, we can always arrange 
that  ~-1  o Cp and ~-1  o Cq are sections of .4 ~ 

The proposition below gives a criterion when the glueing is possible. It 
disentangles the problem and reduces it to separate questions about the 
group schemes ~q and ~p  (resp. A/I) occurring in the exact sequences of 
Proposition 4.3. For linear models of both types let Bq denote the closure 
of .Aq in .4 (recall that  Aq was defined over s = A \ (q}). For linear models 
of Type 2 let Bp denote the closure of ~p in .4, and for models of Type  1 let Bp 
denote J~4 (see Proposition 4.3). Consider the following conditions (.): 

Bq(Ap) = (,1) 
? 

B (Aq) c B,(s (,2) 

c (,31 

B,(A,) c (,4) 

(Note that  we could replace Bi with ,44, i = p, q, in (*1) and (,2),  since the 
sections considered coincide.) 

As we will show below, the glueing problem can be solved if these con- 
ditions are satisfied. Roughly speaking, they imply two things. First, they 
imply that  around each of the points p and q, sections of Bp and Bq over 

A can be obtained as a product  of a section over ,~ and a section over A. 
This solves the glueing problem locally around each of the points p and q. 
Second, the fact that  we can take sections over ,~p and Aq, and not only over 
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,~, in the left hand factors of the products in conditions (.3) and (.4) leads 
to a global solution of the glueing problem. To understand this intuitively, 

suppose that we have sections a E Bp(Aq) and d E Bp(Ap). Then we can 
write a -- b.c with sections b E Bp(A) and c E Bp(hq) according to condition 
(,2). This corresponds to ghming around q. Similarly, the glueing around 
p corresponds to d -- e .  f with e E Bp(,~p) and f E Bp(Ap). However, the 
glueing around p is in general not compatible with the glueing around q. As 
will be apparent from the proof of the proposition below, fitting the pieces 
together requires multiplying the sections b and e in Bp(,~), and compati- 
bility means that  it must be possible to write the section a = b- c also as a 
product a -- (b-e) .  d for some section d E Bp(Aq). But since e E Bp(hp) is 
a section over Ap and not only over ,~, it also induces a section e over ,~q. 
Putt ing c r = e -1 �9 c, the requirement for compatibility can be met. Thus, 
once we know that  the various local glueing problems can be solved, the 
fact that the subgroup schemes fi, q and -Av from 4.3 extend over the points 
p and q respectively allows us to solve these local problems in a way that  
results in a global G-isomorphism X -+ Q. 

P r o p o s i t i o n .  Suppose ( .1) - ( .4)  are satisfied. Then X and Q are G-iso- 
morphic. 

Proof. We show that the isomorphisms Cp, Cq and ~ can be multiplied 
by appropriate sections of A so that  they satisfy the assumptions of 2.1. 

Consider the section ~ql  o r E .A(Aq). Then, by Proposition 4.3: 

where 3' �9 Bq(Aq) and f~ �9 Bp(Aq). By (*2) there are sections ~ �9 Bp(,~) 
and ~ �9 Bp(Aq) such that  

3.3=z. 

Similarly, the section ~p-1 o ( r  �9 .A(Ap) can be written as 

with 5 �9 Bq(Ap) and (~ �9 Bp(Ap). By (.4) there are sections & �9 Bp(&p) 
and 5 �9 Bp(,~p) such that  

5 . & = a .  

Section & induces by restriction sections of Bp(A) and Bp(Aa) , which we also 
denote by &. Now consider the G-isomorphisms 

: =  . . O,q  , y ; q .  
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Then we have 

$;1 o$= ~. ~-1. (~;1 o~). ~-1 .~-1 
=~.~-l .v.z .~-l .~-~.  

Since Bq is a normal subgroup of J[, we can write this as 

= 7' (since/~. ~ = fl) 

9 
for some section 7' �9 Bq(Aq). Similarly, we have 

~;1 o ~; = ~ - 1 .  (4;1  o 4 ) -  ~ - 1 .  ~-1 
= & - i  . 6 . a . & - I  

: 6 '  " & - - i  . C~"  r  

= 61 

9 
for some section 6' E Bq(Ap). We have thus reduced the sections ~ and a 
to the identity. In a completely analogous way, using (*1) and (.3), we can 

now multiply the new G-isomorphisms r Cp and q~q by the appropriate local 
sections of ,4 to reduce "y' and 6' to the identity section. [] 

4.6. We use Section 4.3 to prove linearization for linear models of Type 1. 
In these cases, we only have to consider the group schemes associated with 
the N-action on the quadric QH C V H in the representation (V H, N). 

Proposition. The automorphism group scheme associated to QH ___, A sat- 
isfies the conditions (.) in 4.5. Hence, by 4.3, all actions with a linear model 
of Type 1 are linearizable. 

Proof. We first consider the central subgroup M -~ A x C* and conditions 

(*2) and (*4). We may assume that  q = 0. A section a E M(Aq) is just a 
9 

morphism Aq --~ C*, hence an (invertible) Laurent series a E C((z))*. It is 
clear that  every Laurent series can be uniquely written as a product r.  s with 
an invertible power series r �9 C[[z]]* and a unit s �9 C[z, z - i f ,  if we impose 

r(0) = 1. Thus a can be written as a product of sections in M(.~p) and 

in A//(A), hence (.2) is satisfied. Similarly, (,4) is satisfied as well, and we 
are left with showing the corresponding properties for the group scheme Bq. 
We show first that  (.1) holds. Then we only have to consider the restriction 
fi.q = Bqlhq. We know that  . ~  -~ ]~ xZ2C *, since NA ~- C*. Assuming, as 

we may, that  p = 1, we consider the double cover ]~ ~ A given by z ~ - z ,  



M. DOEBELI 205 

where ~ :--- B \ { - 1 ,  1, 0}. Then Z2 acts on morphisms C* (]B) by sending h(z) 
to h ( - z )  -1, and the sections ~z~(~) are given by the fixed points C*(~) z2. 

Similarly, .~tq(Ap) --- C*(~p) z2 and .~q(Ap) = C*(~p) z2, where B and ~ are 

given as usual. There is a surjective map C*(]B) x C*(]Bp) --* C*(]~p). Taking 
Z2-invariants (*1) follows. 

We are left with showing that (,3) holds. We have seen in 4.3 that the 
connected component of the identity section A ~ is isomorphic to B x N/N~ 
where C ~ A x (C*) 2. Sections of ~4 ~ are just the N/N~ sections 
of C. We assume that  the fixed point of N / N  ~ on B is the point 0, hence 

that B = Spec C((z)) if we let B = Spec C[z]. Since C is constant around 0, 

an element (~ E C(~) is given by two units h(z), k(z) in C((z))*: 

^ 

= (h ( z ) ,  k ( z ) ) .  

It follows from the description of the N-action given in 4.3 that  the generator 
3' E N / N  ~ acts on such a section by 

3`. = ( h ( - z ) ,  k ( - z ) - l ) .  

The sections of the form (h(z2), 1) are 7-invariant and give all sections of the 

central subgroup .h4 over Aq. Sections of 13q over Aq are given by the fixed 
^ N / N  ~ 

points C*(~) , i.e., by Laurent series k(z) for which k ( - z )  -1 -- k(z). 

Similarly, Bq(A)=C[z, z-l] *g/g~ and 13q(Aq)=C[[z]] *N/g~ As in the case 
for the central subgroup above the multiplication induces a surjective map 

c [ z ,  * x C[[z]]* - ,  c((z))*.  

Taking N/N~ the claim follows. [] 

4.7. We make a few remarks concerning the proof of Proposition 4.6. To 
prove (,2), (*3) and (,4) in 4.6, we used certain properties of the sections 
of group schemes of the form C = ~ x r C* over A (for (,2) and (,4) the 
group F involved was trivial). Roughly speaking, these properties are that  
sections of C over the (formal) punctured disc at the origin can be obtained 
as a product of a section over the punctured disc which extends as the 
identity over the origin, and a section over .~. Since sections of C are just 
F-invariant morphisms to C* (where 3' E P acts on a morphism in the usual 

way by ~a = 3`-a-7-I), this means that C*(]~) r = C*(~)r-C*(~) r, where the 
subscript 1 denotes those sections which induce the identity in the fiber over 
the origin. That  is, C* has the decomposition property, see [Kr-S,V.0.5]. In 
fact, every algebraic group has this property: Let the finite group F act on 
the affine line • and on the algebraic group M via group automorphisms. 
For pl,  #2 E M(B) write pl = #2 + O(t~) if plp~ 1 is tangent to I to order 



206 ACTIONS ON AFFINE QUADRICS 

r at 0, where I denotes the constant map to the identity of M. Define 
M(B)r  ~ {/~ e M(~)[  # -- I + o ( t r ) } ,  and set M(~)  r := M ( ~ ) ~ n M ( ~ )  r.  
Then 

M(]~) r = M(~)  r �9 M(~)  r ,  

see [Kr-S, V.2.4]. Moreover, if M is semisimple or unipotent then M has 
the approximation property: 

U ( ~ )  r = U ( ~ )  r -  i ( ~ )  r Vr > 1, 

see [Kr-S,V.3.5]. This will be used in 4.10. 

4.8. We have now reached the final stretch and show linearization for linear 
models of Type 2. Unfortunately, the map resv : A(V) c --+ A(vH)  N of 4.2 
is not always an isomorphism in this case, and we can't  restrict the problem 
as we did for  linear models of Type 1. 

Conditions (.1) and (.2) in 4.5 are conditions on the group schemes .Aq 
and Av of Proposition 4.3. Since we restrict our attention to the connected 
component ,40 of ,4 and hence to the connected component of the identity 
of the group N, we can assume that  both NA C N and NB C N are either 
isomorphic to C* or to SL2. (The only other possibility would be Z2, see 
1.5 and the proof of Proposition 4.3.) If NA or NB are isomorphic to C*, 
the conditions follow in exactly the same way as condition (*1) was proved 
for the group scheme .Aq in Proposition 4.6. If NA or NB are isomorphic 
to SL2, the corresponding group scheme J(q or -~v is constant, because the 
automorphism group of SL2 is connected. This was shown in the proof of 
Proposition 4.4. The conditions then follow from the decomposition prop- 
erty for algebraic groups (see 4.7). If the group schemes Bq and B v are 
constant, i.e., isomorphic to A x NA and A x NB respectively, the other two 
conditions are satisfied for the same reason. For example, this holds for all 
linear models in Table 2 in the Appendix. 

4.9. It remains to prove that  (*3) and (,4) hold when NA and NB are 
isomorphic to C*. We will show that  (.3) and (.4) are conditions on the 
degrees of the generating covariants of the linear model (V, G). Recall that  
Bq is the closure of .Aq ~ B x rB NA in A, while B v is the closure of Av --- 
Av x NB in ,4 (see Proposition 4.3). In the sequel, we will make all the 
arguments for the group scheme/3q. However, replacing the group FB in 
these arguments by the trivial group, it will be clear that  the same arguments 
are valid for the group scheme B v. 

The isomorphism Aq TM ~ x rB NA induces an isomorphism of sections 

~ :  NA(~) r "  = ~ Bq(~q), 

and the restriction of ~ to NA(~) rs is an isomorphism NA(~) r "  ---- Bq(]~q). 
? 

The sticky point is to see whether ~ maps the sections NA(~) r" C NA(]~) r "  
.A 

to Bq(]~q), i.e., to the sections in Bq(Aq) that  extend over the point q. 
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L e m m a .  Suppose that ~(NA(~) rB) C Bq(s in Bq(]tq). Then (.3) is 
satisfied. By symmetry, an analogous statement is true for (*4). 

Proof. Let b 6 Bq(Aq), and let a := ~- l (b) .  By the decomposition property 
for NA, see 4.7, there are sections/~ 6 NA(~) r s  and 5 6 NA(~) r s  with a = 
~-5 .  Clearly b := ~(a) 6 Bq(Aq), and by assumption/~ := ~(5) 6 Bq(s 

It follows that  b -- b- b, hence that  13q(~q) C Bq(Aq). Ba(Aq). V] 

4.10. If NA or NB is isomorphic to SL2, it is enough that  ~(NA(B) rB) C 
Bq (Aq) for some r > 1, because SL2 has the approximation property, see (4.7). 

P r o p o s i t i o n .  Suppose that NA -~ SL2. Then (*3) is satisfied. By symme- 
try, (.4) is satisfied if NB ~- SL2. 

o(4 ) Proof. Note that  O(B) ~ C((z)) ~ q are topological fields with r : 
z~C[[z]] ~ O(Aq)r as fundamental systems of neighborhoods of 0. The 

groups NA(]~) r s  and Bq(Aq) inherit the corresponding topologies, and it is 
easy to see that  the map ~ is continuous in these topologies (recall that  ~ is 
induced by the isomorphism T in the proof of Proposition 4.3; cf. also [Kr-S, 
VI.I.17]). It follows that  there is a number r0 _> 1 such that  

c 

r 

Let b 6 Bq(Aq) and a := ~- l (b)  be the sections as in the proof of Lemma 
4.9. Since SL2 has the approximation property, see 4.7, we can now write 
a = /~-~ with/~ 6 NA(]~) rB and ~ 6 NA(~)ro B. Then b = ~ ( ~ ) - ~ ( 5 )  6 

B (iq). [] 
4.11. We are left with the cases where NA or NB is isomorphic to C*. We 
work towards showing that,  taking differentials, the condition in Lemma 
4.9 translates to a condition on the degree of the generating covariants of 
the linear model. Let (V, G) = (V1, G) ~ (Y2, G) be the linear model, and 
let f and g be the invariants in O(V1) G and O(V2) a defining the invariant 
quadric Q = {(Vl, v2) 6 V I f ( v J  + g(v2) = 1} as in 4.3. 

We denote the covariants of the linear model by A(V)a:  they are the G- 
invariant vector fields on V, or, equivalently, the G-equivariant derivations 
of O(V). Let A(V)~,9 be the elements in A(V) a annihilating the O(V) G = 
C[f,g], i.e., the G-invariant vector fields along the fibers of the quotient 
map. Note that  A(V) G is a free graded O(V)a-module of rank dim Y H, see 
[$2]. Let X l , . . . ,  xn be coordinates on V1 C V such that  f = x 2 + . . .  + x 2, 
and let Yt, . . .  , ym be coordinates on V2 C V such that  g = y2 + . . .  + y2.  

Lemma.  

(1) AS O(v)a-module, A(V) a decomposes as 

A(V) G = Af,g(Y) c @ C[f ,g]-  A1 @ C[f,g]-  A2, 
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where A1 := ~-~i~=1 xi o m Y 0 �9 ~ and A2 := }--~-j=l J " 
vector fields on V1 and V2. 

(2) Let n := L ieN.  Then n = Af,9(Y)alF . 

are the Euler 

Proof. (1) is left as an exercise. (One checks that  for every C �9 A(V)  c, C(f)  
and C(g) are multiples of f and g respectively, and then uses that  A l ( f )  = 
2 f  and A2(g) = 2g, while Al(g) = A2(f)  = 0.) Since Af,g(V) c consists of 
vectorfields along the fibers of the quotient map we have Ay,9(V)a[F C n .  

But dim n = dim V H - 2 = rkc[/,g] Af,g (V) c by (1), and the claim follows. [] 

4.12.  We give O((~q) the filtration {O(O.q)j} where O(Qq)j = {h �9 
O((~q) I h �9 mJ}, where j > 0 and where m is the maximal ideal belonging 
to a point w -- (v, 0) �9 V -- 1/'1@172 in the closed orbit in 7rQl(q) with isotropy 

group B. We give O(s the induced filtration {(9(,~q)j = O(Qq)~}. 
It follows from the last section that  there is a homogeneous generator 

D of AI,g(V) c whose restriction to F is a generator of the 1-dimensional 

subspace nn C n. Let the variety 2( over ,~q be defined as PC := .~q • C- D. 
A 

Since D is a vectorfield along the fiber F ,  the sections A:'(Aq) induce G- 
derivations of O(Q.q). For r > 0, we define X(s := {C �9 X(s  I 

C(O(Q.q)j) c O(O.q)j+rVj}. Confusing elements of Bq(Aq) with the G- 

automorphisms of O(Q.q) that  they induce, we define l~q(s := {& �9 A I 

&(yi) = yi + O((~q)r+l} as the elements in 13q(s which are tangent to the 
identity to order r at w (where the yi's are a system of generators of m).  If 
C �9 A'(Aq), we define exp(C) to be the usual series I + C +  ~ + . . . ,  where 
I is the identity and o denotes the composition of derivations. Similarly we 
define the logarithm of an endomorphism of (9((~q). 

P r o p o s i t i o n .  The exponential C ~-* exp(C) gives an isomorphism (with 
inverse log) of X(Aq)~ with Bq(hq)~ for r >_ 1. 

Proof. (Cf. [Kr-S,VI.1.6]). Let C �9 A'(,~q)r, and consider an isotypic corn- 
^ G ~ k  * ponent O(Qq)@) = O(s | S@), see 4.2. Then S(~) = V(~), where V(~) 

is an irreducible component of V. Let l denote the maximal number such 
that h �9 O(O,q)l for h �9 S@). 

^ G of C on O(Qq)@) is given by 

of C p corresponds to the p-th 

O(s Since r > 

(_O ^ G Then C preserves (Qq)@), and the action 

a matrix (aij) �9 Mk(O(Aq)). The action 

" (P)~ -(P) lie in power ( a i j )  of (aij), where the uij 
, (p) 

1, the series ~aij ) converges in the m-adic 

topology, i.e., exp(C) gives an automorphism of ^ G O(Qq)@). It follows that 

exp(C)(h) exists for all h E O((~q). It is clear that  the corresponding auto- 

morphism of O(Qq) is an element of Bq(Aq)r. 
Conversely, let & E Bq(Aq)r, r > 1. On O(Qq)@), & corresponds to a 

matrix (aij) e GLk(O((~q)), and arguments as above show that  the series 
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log((aij)) converges to an element of Mk(O(Qq)) which sends O(Oq)(~) N 

O(Qq)r to O(Qq)(,~) n O(Qq)r+s. The claim follows easily. [ :]  

4.13. Together with Corollary 3.5 and Proposition 4.6 the next result 
finishes the proof of Theorem 1. 

P r o p o s i t i o n .  If  the linear model for a given action is of Type 2, then the 
action is linearizable. 

Proof. Recall first the setup: we assume that the quotient Q = {(vl, v2) E 
V = V1 ~ V2 [ f(Vl) + g(v2) = 1} -~ A is given by the restriction of g to 
Q. Then the exceptional points in A are p = 1 and q = 0, and the slice 
representations are (V1, A) and (V2, B). For c r 0, 1, we set F1 = f - l ( 1 - c ) c  
111 and F2 = g -  z (c) C V2. Then F = F1 x F2 is a generic G-orbit in Q. 

Consider again n A : C .  D ,  with D e A(V)~,9 from 4.12. Here and in 
the sequel D also denotes the restriction D[F. As in 4.3, the NA-action on 
F1 x F2 is induced by the action of NA o n  the generic orbit F1 of the slice 
representation (V1, A). It follows that  D must be a covariant of type 111. If 
d2 = degy2 D is the degree of D in the coordinates of V2, the FB-action on 

NA therefore induces an action on nA given by ~D = ~-d2. D. FB acts on 
as usual, and we denote by n A ( ~ ) r  FB t h o s e  FB-invariant morphism ~ - ~  n A 

which vanish to order r at 0, cf. 4.7. The exponential exp : nA --* N is 
FB-equivariant, and since it is a local analytic isomorphism, it easily follows 
that  it induces isomorphisms exp :  nA(~) rB --% N(~)  r "  for all r >_ 1. On 
the other hand, there are isomorphisms exp : X(Aq)~ --~ 13q(Aq),. for all 
r _> 1 by 4.12. Consider now the isomorphism of sections 

~ :  NA(~) r "  -~ Bq(tkq) 

(see 4.9). Its "differential" is an isomorphism 

x( J, 
which is defined by 

( ~ C ) ( h ) o ~ = C ( h o ~ )  (*) 

for h E O(Qq), C E nA(~) rB. It then follows from the various isomorphisms 
exp above that  the condition in Lemma 4.9 is satisfied if 

r ' )  c x(hq)l. 

We translate this condition into a condition on the degree of the generating 
covariants in ALg(V)C. Recall that  ~ is induced by the G-isomorphism 
r : Y x rA • x F2) -~ Q that  was constructed in the proof of Proposition 
4.3. Here Y = D x s  where ]]) and B are copies of the affine line, and where 
]~ --* ,~ is given by t H - t2(1  - c) + 1, and ~ -* A is given by z H cz 2. The 
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isomorphism r is then given by [(t, z), (vl, v2)] ~ ( tv l ,  zv2).  For (t, z) E Y 

we have t = -t-. 1/T2~--~2 It follows that  over Ao, the FA-action on ~ and F1 
V 1-~" 

cancels out to give a G-isomorphism over Aq: 

x (F ,  • 

[z, (Vl, v2)] (k(z)  �9 Vl, zv2),  

where k ( z )  - 1-cz 2 This isomorphism induces the isomorphism of sections ~. 
1- -c  

If h E O(Qq)s  is the restriction of a regular function h E O ( V )  which is 
homogenous of degrees s ~ and s in V1 and V2, then 

D(h)(~o[z, v l ,  v2]) = z "+d2 . k ( z )  ~'+dl-l  . D(h IF) (V l ,  v2), 

where dl -- degyl D and d2 = degy 2 D are the degrees of D in the coordi- 
nates of V1 and V2. This follows f~om the fact that D is a covariant of type 
V1. Thus, D ( h )  o ~0 = z ~+d2. k ( z )  ~ ' + d ' - l .  D ( h l F  ). On the other hand, we 
have (h 0 ~)[z, Vl, v2] = z ~. k ( z )  ~' '  h ( v l ,  v2), and it follows that  

D ( h  o ~)[z, Vl, v2] = z ~ . k ( z )  ~' . D(hIF) (V l ,  v2), 

i.e., that D(ho~o) = zS . k ( z )  s ' . D ( h l f  ). Using (*), we obtain for z r . D  e hA(B) 

~ ( z  r -  D )  = z r - ~ 2 -  k ( z )  - d ' + l  �9 D .  

Suppose z r - D  E nA(~) [B. Then 0 < r =_ d2(2). Hence if d2 _< 2, then 
r - d2 >_ 0. Since k ( z )  is a unit in O(~) (k(0) • 0), it easily follows 
that  in this case ~o~(nA(B) r s )  C k'(.~)l. To get condition (*3) it is therefore 
enough to check that  the V2-degree of all generating covariants is < 2. Using 
exactly the same arguments as for the group scheme Bq, but with the group 
FB replaced by the trivial group, it follows that condition (*4) for the group 
scheme Bp is satisfied if the Vl-degree of all generating covariants is _< 2. 
These conditions on the degree of covariants have to be checked for those 
linear models of Type 1 for which the group schemes 13q or Bp are not 
constant and have generic fibers isomorphic to C* (see 4.8), i.e., for those 
models in Table 3 for which the total degree d of the generating covariants 
is listed. In all these cases, d < 3. Now d = dl + d2, and one easily verifies 
that  if d = 3 then dl > 1 and d2 > 1. This finishes the proof. [] 
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Appendix 

Here we list all linear models for actions with 1-dimensional quotient as 
defined in 1.2. We repeat the tables obtained in [D, w with some ad- 
ditional information. Table 1 contains all orthogonal representations of 
connected reductive groups with 1-dimensional quotient. Tables 2-5 con- 
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tain the orthogonal representations of connected reductive groups with 2- 
dimensional quotient. Table 2 contains the representations of the form 
(V = V1 ~ V2, G = G1 • G2), where (Vi, Gi), i -- 1, 2, are representa- 
tions from Table 1, and where G1 acts trivially on V2 and G2 acts trivially 
on V1. Table 3 contains the mixed cases, which are as above but without the 
assumption that  G1 and G2 act trivially on V2 and V1 respectively. Tables 4 
and 5 contain those representations which are complexifications of real irre- 
ducible representations. Table 4 contains the ones which remain irreducible 
after complexification, the others appear in Table 5. 

In the tables G will denote the group that  acts according to standard no- 
tation. In the column V we list the representation using the notation in [Li]: 
wi denotes the irreducible representation corresponding to the fundamental 
weight wi, nwi the one with the highest weight nwi (n E N). If G has more 
than one simple factor, the fundamental weights of the second factor (and 
the corresponding representation) are denoted by uJ~, the one of the third 
factor by w~'. w* denotes the dual representation of wi, etc. If a E Z, then 
Y'.a denotes the 1-dimensional representation of C* with weight a. 

Under H we list the principal isotropy group, and under A and B in Ta- 
bles 2-5 the exceptional isotropy groups of the G-action on Qv (cf. Propo- 
sition 1 in 1.3). 

Under N we list the G-automorphism group Nc(H)/H of the generic 
fiber G/H of the quotient map, i.e., N is the generic fiber of the associated 
automorphism group scheme .A~. In Table 4, ~n  denotes the dihedral group 
of order 2n. N is either computed directly or with the help of the Luna- 
Richardson theorem (cf. 3.4). 

In Table 2, (w, C) and ( J ,  D) are representations from Table 1, ~ and 
~'  denote 1-dimensional trivial representation of C and D respectively. C' 
and D r denote the principal isotropy groups of (w, C) and (co', D); Arc and 
No denote the C- resp. D-automorphism groups of C/C' and D/Dq 

In Table 3 we list under d the (total) degree of the generating covariants 
of AI,g(V) v. To compute this degree one computes the generators of A(V) a 
as follows: By 4.2 there is a G-stable subspace T C do(V) which is a graded, 
free module over O(V) c and such that  the multiplication induces a G- 
isomorphism O(V) G | T ~ O(V). If V~ is an irreducible subspace of V, 

�9 then generators of the equivariant maps from V to Vx correspond to copies 
of V)~ in T. By Theorem 1.1 in [S1], V~ occurs in T with multiplicity mx - 
dim V H.  Given mx, one computes the decomposition of the homogeneous 
components O(V)j, j > 1, of dO(V) as G-module until one comes across 
the required number of copies of V~ in T. A blank entry in the column d 
indicates that  the associated group scheme is constant. An entry �9 indicates 
that, although the group scheme is not constant, one doesn't need to know 
these degrees because of the approximation property for SL2 (see 4.10). 
Note that  all the associated group schemes Bq and B v of 4.5 are constant 
for linear models in Table 2. 
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Table 1 

G V H N 

C *  

An ( n > l )  
C* x A .  ( n > l )  

B,, (n > 2) 
D,, (n > 3) 
6'. (r, _> 2) 

C* xC~ (n_>2) 

Ea@ E-b, a, b > 0 
~, �9 w{ 

(r.,, | ~D e (E,, | ,,.4)*, a > o  
,oJ 1 

021 

wl �9 w~ 
(zo |  (r.,, | ~ > o  

finite 
An-1 

C* x An-1 
D.  

B,,-1 

C* x On-1 

A1 x C,-, (n > 2) 
A1 X AI 

AI 
As 
B3 
B4 
C2 
G2 

wl | w~ 

w, | ~i 
W2 

W2 

W3 

C0 4 

W2 

o21 

-41 x C.-I 
AI 
C* 

C2 
G2 
B3 

A1 x A1 
A2 

C *  

C* 
C* 
Z2 
Z2 
A1 
C* 
Z2 
Z2 
Z2 
Z2 
Z2 
Z2 
Z2 
Z2 

Table 2 

G V H A B N 

C 
C x D  

w$ Z C' 
w (3 w' C' x D' 

C 
C'xD 

C 
CxD' 

No 
Nc x ND 

G 

A1 
A2 
B2 
D2 
C3 
1:4 
G2 

A1 x Ax 
C2 xCm (m> 2) 

V 

40.) 1 

0)10) 2 

tO 2 

~ 2  

O22 

U} I 

tO 2 

wl | w~ 

Table 4 

H A B 

C* x C* 
C* xC* 
C* x C* 

(A1) 3 
D4 

C* x C* 
~4 

(A1) 2 x C ~ _ 2  

C* ~ Z2 
A, x C* 
A1 x C* 
A1 x C* 
C2 x A1 

B4 
AI x C* 
C* ~< Z2 

C2 x Cm-2 

C* t,< Z2 
C* x Ai 
C*xA1 
C*xA1 
A~ xC2 

B4 
C* x A1 

(A1) 2 x C,.-1 

N 

Z2 x Z2 
1)3 
~3 
~8 
~6 
Z)4 
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- - - - ~  ~ * . . 

5 5 ~ 7 ~ - ~ 5 5  5 5 5 
X X ~ X ~ X X X X X X X 

- ~ 5 5 ~ 5 ~ 5 5  5 ~ 5 

m 
~2 ~ d 

5 b b 

7 7 

d 
X X 

5 b 

5 5 

T 7 7  

~ •  x ~ • 2 1 5  
5 5 ~ 

7 7 

x T x 

T ~ 7 

• X 

5 b 

-~' | 3 . 3 

e 

E n  r~ 

�9 -' ~ A I  A I  
,~ ~ AIAI'~" ~ ~ E 
AIAI~AI { AI F 

- - ,  X X 

-~u 5 b 

,...o 
:m 

~ X X ~  

X X X X  

~ 5 5 ~  

cT 
T ~ d  • 

o 5 

x ~ x  

0 ~ x  

5 

x ~T x 

d ~Tx 
5 

| | 

| | 

AI 

X 

5 


