Transformation Groups, Vol. 1, Ne. 3, 1996, pp. 187214 (c) Birkhiuser Boston (1996)

REDUCTIVE GROUP ACTIONS ON AFFINE
QUADRICS WITH 1-DIMENSIONAL QUOTIENT:
LINEARIZATION WHEN A LINEAR
MODEL EXISTS

M. DOEBELI

Zoology Institute
University of Basel
Rheinsprung 9, CH-4051
Basel, Switzerland

doebeli@ubaclu.unibas.ch

Abstract. We study reductive group actions on complex affine quadrics. Such
an action is called linearizable if it is equivalent to the restriction of a linear
orthogonal action in the ambient affine space of the quadric. A linear model for a
given action is a linear orthogonal action with the same orbit types and equivalent
slice representations. We prove that if a reductive group action on an affine quadric
with a 1-dimensional quotient has a linear model, then the action is linearizable.
As a consequence, the action is linearizable if certain topological conditions are
satisfied.

Introduction

1.1. Let G be a reductive complex algebraic group acting algebraically on a
complex n-space C". The linearization problem asks whether such actions
are equivalent to a linear action, i.e., whether there is a G-equivariant iso-
morphism C* = V, where V is a G-module ([Kr2]). Luna’s slice theorem
implies a positive answer if the quotient C* /G has dimension 0. In [Kr-S],
Kraft and Schwarz studied the next complicated case of quotient dimension
1. This case is already highly nontrivial, and the first examples of nonlin-
earizable actions were found by Schwarz [S4] in this context. Using these
results, Knop [Kn] proved that every noncommutative, connected reductive
group has nonlinearizable actions on some C".

In this paper we study an analogous problem for reductive group ac-
tions on the affine n-dimensional quadric X := {(z1,... ,2n41) € C**! |
Y122 = 1} c C™H. If G is an algebraic group, every orthogonal repre-
sentation p : G — O, 41(C) determines an action of G on X. These actions
are called linear actions, and we say that an action of G on X is linearizable
if it is conjugate within the group of algebraic automorphisms of X to a
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188 ACTIONS ON AFFINE QUADRICS

linear action of G on X.

Linearization Problem: Is every action of a reductive group on an affine
quadric linearizable?

1.2. So far no example of a nonlinearizable reductive group action on X is
known. However, we do not believe that every such action is linearizable,
except under certain “smallness” assumptions. For example, every reduc-
tive group action on the 2-dimensional quadric as well as all actions with
dim X /G = 0 are linearizable, see [D, 1.3 and 2.1].

In this paper we study actions with dim X /G = 1. Clearly, if hnea,nza,tlon
holds then there is a linear model in the following sense:

Definition. An orthogonal representation (V,G) is called a linear model
for an action of G on X if X has the same orbit types and equivalent slice
representations as the quadric Qv = {v € V | (v,v) = 1} C V with the
linear G-action.

The purpose of this paper is to prove that the converse is true for actions
with a 1-dimensional quotient:

Theorem 1. Let p: G x X — X be an action of the connected reductive
group G on the quadric X such that dim X /G = 1. Suppose that the action
has a linear model. Then it is linearizable.

1.3. In [D] we studied under which circumstances a linear model exists. We
used a topological approach, and for the results, as well as for Theorem 1,
we need only assume that X is an irreducible, smooth affine variety which
is homotopy equivalent to a real sphere. We proved (see [D, 3.4]):

Proposition 1. Let G act on X such that dim X/G = 1. Then we have:

(1) XJG = A, the affine line.
(2) There are two points p,q € A such that the principal stratum is

A\{p,q}.
(3) The generic fiber of the quotient map (i.e., the fiber over the principal

stratum) is a G-orbit, which means that the generic orbit is closed.

Although we believe that the assumptions in Proposition 1 insure the
existence of a linear model, we were able to prove existence only under the
additional hypotheses (see [D, §4]):

Proposition 2. Let G and X be as in above. Then a linear model exists
in the following cases:
(1) The G-action on X has a fized point.

(2) The principal isotropy group of the action is connected and the di-
mension of the slice representations is > 2.

Together with Theorem 1 we obtain:
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Theorem 2. Let p: G x X — X be an action of the connected reductive
group G on the quadric X such that dim X//G = 1.

(1) If p has a fized point then p is linearizable.

(2) If the principal isotropy group is connected and if the dimension of
the slice representations of both exceptional isotropy groups is > 2,
then p is linearizable.

1.4. The proof of Theorem 1 follows the approach outlined in [Kr-S] by
Kraft and Schwarz for the case of reductive group actions on the affine
space C™. It consists of two steps. The first is to show that the fibrations
over the principal stratum of the quotients corresponding to a given action
and to its linear model are G-isomorphic. The second step is to show that
there is, up to G-isomorphisms, only one way to glue the two exceptional
fibers given by Proposition 1 into this fibration. For both steps knowledge
of the automorphism group schemes that are associated with the linear
models of quotient dimension 1 is crucial. The definition of these group
schemes is recalled in Section 3. To determine their structure, one needs the
classification of linear models, which was carried out in [D, §5]. The tables
from [D] are repeated here in the Appendix.

Compared to the case of actions on affine space studied in [Kr-S], the
present situation is more complicated due to the geometry of the quadric,
which implies the existence of two exceptional orbits instead of just one.
On the other hand, there are fewer linear models to be considered for
the quadric, and in contrast to actions on affine space, it turns out that
these linear actions already exhaust, up to equivalence, all actions with a
1-dimensional quotient which have a linear model.

1.5. To conclude the introduction, we state the conventions and notation
valid throughout this paper. All the varieties will be defined over the com-
plex numbers, and most of the time we will work with affine varieties. If
W and Z are varieties over Y, W(Z) denotes the set of morphisms Z — W
over Y. Let G be a reductive algebraic group acting on an affine variety
Z. We denote by O(Z) the C-algebra of regular functions and by O(Z)¢
the subalgebra of G-invariants. A famous theorem of Hilbert asserts that
O(Z)€ is a finitely generated C-algebra (see [Krl, 11.3.2]). Let Z/G de-
note the corresponding affine variety, and let 7z : Z — Z//G denote the
morphism corresponding to the inclusion O(Z)¢ c O(Z2).

Proposition (see [Krl, 11.3.2]).

(1) 7z is surjective.
(2) Every fiber of mz contains a unique closed G-orbit, hence w7 sets up
a bijection between the closed orbits in Z and the points of ZJJG.

If V is an M-module where M is an algebraic group, we will also use
the notation (V, M) to emphasize the group involved. Luna’s slice theorem
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provides a strong link between general reductive group actions and repre-
sentation theory. We will often use this important result. For a detailed
treatment of the slice theorem we refer the reader to the original article [Lu]
of Luna, or to the article [S]] of Slodowy.

We make the following general assumptions. The connected reductive
group G acts almost effectively on X such that dim X /G = 1, where X is a
smooth affine variety which is homotopy equivalent to a real sphere. (Here
almost effectively means that the kernel of the action is finite.) The action
has a linear model (V, G), which is one of the representations in Tables 2-5
in the Appendix by [D, 5.1]. We denote by @ the quadric Qv := {v € V |
(v,v) =1} C V with the linear G-action, and by A := A\ {p, ¢} the principal
stratum of the quotient Q /G = A, cf. Proposition 1 in 1.3. If u, v are the 2
exceptional points in A = X /G, there is a linear automorphism of A which
sends u to p and v to ¢; hence by identifying X /G with Q /G we may assume
that v = p and v = q. We will need various local versions of the varieties
X and Q. We denote by X := n3!(A) and @ := Wal(A) the fibrations
over the principal stratum with fibers isomorphic to the generic G-orbit
(cf. Proposition 1 in 1.3). We define the variety A, by O(A,) == C[z — pl],
the formal power series in z—p. It is a formal complex analytic neighborhood
of pin A. We denote by X,, the pullback X x4 Ap, where Ap — A is given
by Clz—p] — C[[z—p]]. Qp, Aq, Xq and Qq are defined similarly. We define
Ay, = A\ {p} and X, := X x, A,,A: X\ 75 (p). Qp, Ay, X, and Q, are
defined similarly. Finally, we define Ap as the schematic intersection AP OA,,.
Hence by O(A,) = C((z — p)), where C((z — p)) denotes the Laurent series in
z—p. X p is then given as the pullback X xj Ap, where Ap — A is induced
by C[z — p] — C((z — p)). Qp, Aq, X ¢ and Qq are defined analogously.

Finally, we will use the following groups: A and B are the exceptional
isotropy groups corresponding to the points p and ¢, and H is the principal
isotropy group. We can assume that H C AN B. Let N := Ng(H)/H
where Ng(H) is the normalizer of H in G. Thus N is the group of G-
isomorphisms of the generic orbit G/H. Similarly Ny := N4(H)/H and
N := Np(H)/H are the A- resp. B-automorphism groups of the generic
orbits in the slice representations of A and B. We often regard N4 and N
as subgroups of N. Since the slice representations of A and B are orthogonal
with the 1-dimensional quotient, Table 1 in the Appendix shows that N4
and Np are isomorphic to either C*, SLy or Z,. (Applying the theorem of
Luna-Richardson, see 3.4 below, to the slice representations shows that the
reductive groups N4 and Np are affine quadrics, which only leaves the three
possibilities mentioned.)

2. A condition for linearizability

2.1. The strategy to attack the linearization problem is given by the next
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Proposition. X is G-isomorphic to Q if and only if the following holds:
(1) There are G-isomorphisms
$:X3Q,
Pp - Xp = va
Pq: Xq > Qg
over A, Ap and Aq respectively.
(2) The isomorphisms ¢, ¢, and $, induce the same isomorphisms

lz

b=y =Bly 1 X5 5 Q,
Qy

lz

Pg =By =dql; : Xg

Proof. Clearly, (1) and (2) hold if there is a G—-isomorphism X — Q. We
show that the converse is also true. Taking intersections within O(A,) and

O(g\q) respectively, we have O(A) NO(A,) = O(A,) and O(A) N O(Aq) =
O(A,). Similarly, within O(A) we have O(A,) N O(A,) = O(A). Thus we
get exact sequences:

0 — O(A) — O(A,) ® O(A,) — O(K),
0 — O(A,) — O(A) ® O(A,) — O(A,),
0 — O(h,) — O(&) ® O(A,) — OA,).

Since both quotients mx and mg are given by a regular function, they are
both flat. Tensoring the above sequences with O(X) and O(Q), we therefore
get these pairs of exact sequences:

0 — O(X) — O(X,) ® O(X,) » O(X),
0 — O(Q) — O(Q,) ® O(Q,) — O(Q),
0 — O(X,) — O(X) ® O(X,) — O(X,),
0 0(Q,) — 0(8) 8 0(Q) — 0(D,),
0 - O(X,) - O(X) ® O(X,) — O(X,),
0 - 0Q,) — 0Q)®0(Q,) - 0(@,,)-

Assume that there is a G-isomorphism between the middle terms of such
a pair of sequences, given by two G-isomorphisms between the direct sum-
mands. If the image of this isomorphism between the right hand terms of
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the pair of sequences is the identity, then the isomorphism induces a G-
isomorphism between the left hand terms. Working our way upwards in
the pairs of sequences above it then follows from assumption (2) that the
G-isomorphisms @, ¢p, ¢4 induce a global G-isomorphism ¢ : X — Q. U

2.2. To prove Theorem 1, we will find G-isomorphisms that satisfy the
assumptions of 2.1. As a first step, the slice theorem gives G-isomorphisms
P, over A, and 9, over A, as in 2.1 (1). In fact, let (W, A) be the slice
representation corresponding to the exceptional point p. Let W denote the
(formal) completion of W along the fiber of the quotient W — A that
contains 0 € W. There is an induced action of A on W, and we denote by
G xAW the quotient of G x W induced by this action and the A-action
on G by right multiplication. Then the slice theorem implies that there are
G-isomorphisms
Qp = G xAW & X,,.

It is easy to see that we can assume that these isomorphisms are maps over
the quotient Ap. An analogous statement holds for the point q, whence the
claim.

To proceed, we have to find G-isomorphisms ¢ over the principal stra-
tum, and then we have to glue the pieces together. For this we will study
an affine group scheme, the automorphism group scheme A that is associ-
ated to the flat quotient @ — A. A G-isomorphism ¢ is a section of the
principal A-bundle of fiberwise G-isomorphisms from X to Q. Hence we
have to show that this bundle is trivial. Fitting the local isomorphisms to-
gether to a global G-isomorphism translates to a condition on sections of
the group scheme A: multiplying ¢,, ¢, and ¢ by sections of A yields new
G-isomorphisms, and we have to show that there are appropriate sections
such that these new G-isomorphisms coincide locally and hence satisfy the
second assumption in Proposition 2.1. This amounts to showing that there
is, up to G-isomorphisms, a unique way to glue the two exceptional fibers
over p and g into the principal fibration over A.

3. The automorphism group scheme and
linearization when its generic fiber is finite

3.1. Recall that an affine group scheme over Y is a variety G together with
an affine morphism 7 : G — Y and the structure of an algebraic group in
each fiber of 7 such that this structure depends algebraically on y € Y. For
precise definitions see [D-G, II1.4] or [Kr-S, III].

Let G be a reductive group and X an affine G-variety. Assume that the
quotient map 7 : X — X//G is flat. Given a morphism ¢ : Z — XJ/G, we
denote by Xz the fiber product X x xyc Z. Then G acts on Xz, and the
projection 7z is the quotient map. Define the group

Aut(Xz)C :={p: Xz 5 Xz | ¢ is G—equivariant and 7z 0 p = 77}.
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It is clear that this group depends functorially on Z. For the proof of the
next proposition see [Kr-S, I11.2.2].

Proposition. The group functor Z — Aut(Xz)® is represented by an
affine group scheme, the automorphism group scheme w : AG — X /G over
X/G, ie.,

Aut(Xz)® = {morphisms 0 : Z - AS | moo = ¢}

The group scheme A$ is locally constant in the étale topology over every
stratum of X J/G.

3.2. As an example, let (V,G) be an orthogonal representation with 1-di-
mensional quotient V/G = A (see Table 1 in the Appendix). This quotient
is flat, and the principal stratum is A = A\ {0}. The generic fiber of
the automorphism group scheme A$, i.e., the fiber over a point of A is
isomorphic to the group N = Autg(G/H), where G/H is the generic fiber
of the quotient. There is a faithful action of N on V commuting with G
and stabilizing the invariant quadric, i.e., inducing G-automorphisms of V
over the quotient, hence global sections of A$. It follows that the restriction
AG |4 to the principal stratum is constant. Moreover, if C denotes the clo-
sure of AG[; in AT, then C= A x N.

3.3. If Q is the quadric with a linear action and 1-dimensional quotient,
the quotient map is flat, and the associated automorphism group scheme
A= AS is locally constant over the principal stratum A with fiber N =
Autg(F), where F = G/H is the principal fiber of the quotient map (cf.
1.5). We want to determine how the restriction of A to A is twisted around
the two missing points.

Recall the definition of N4 and Np as the normalizers of the principal
isotropy group H C AN B in the exceptional isotropy groups A and B, see

1.5. Let B be a copy of the affine line, and define B := B\ {0} and B by
O(B) := C((2)), the Laurent series in z.

Proposition. There are subgroups 'y C Ng and T'g C Np, isomorphic to
Zg, such that the following holds:

Al: ~B xFa N,

AP
. 3 s

i, = Bx" BN,
where T4 and T'p act on N by conjugation and on B by sending z to —z,

and where B xTAN and B xT8 N denote the quotients of B x N by these
actions.
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The actions of Ty on N4 and I'g on Np are trivial. Thereforg, the sub-

groups N4y and Ng of N, viewed as sections of A over Ap and Aq, extend
over the points p and q respectively.

Proof. Let (W, A) be the slice representation at p with the quotient map
7w : W — A, where we arrange that 7w (0) = 0. Let Fw = m'(1) &
A/H be the generic fiber of this map. Since mw is given by a quadratic
polynomial, there is an action of a subgroup I'y = Z, of the group N4
of A-isomorphisms of Fy given by —id. ', also acts on B by —id, and
A =B/T 4. There is a canonical A-equivariant morphism

p:Bx Fiyw —» B xa W,

(z,w) — (z,2w),

over B. If B xT4 Fy denotes the quotient of B x Fyy by I'y4, it is easy to see
that the map p induces an A-isomorphism

[):BXF"Fw—)W,

[z, w]} ¥ 2w,

where W := W \ {;;(0)}. From this we obtain a G-isomorphism, denoted
by the same symbol:

p:B x4 (GxAFy) -G xAW,
[z, [g, w]] — |9, zw].

Over ]fB we get from this and the slice theorem a G-isomorphism
f):ép—ﬂﬁx“ (G x* Fy)

over B. Here G x4 Fy is isomorphic to the generic orbit F' in Q. By
functoriality of the group scheme .4 we obtain the first claim for the point
p, and also for the point ¢q in a completely analogous way.

The N 4-action on the fiber Fyy extends to an action on W commuting
with A by 3.2. Therefore, the I’ a-action on Ny C N must be trivial, and
N4 C A(Ap), i.e., as sections of A over Ap, N4 extends to p. Thus the sub-
group N4 C N is only twisted around the point q. An analogous statement
holds for Ng C N. O

3.4. In the rest of this section we prove linearization in case the generic
fiber N of A is finite. Let (V,G) be the linear model, and let V¥ denote
the variety of fixed points of V' under the action of the principal isotropy
group H. By a theorem of Luna and Richardson (see [Lu-R, Thm. 4.2]) the
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quotients V//G and V# /N are isomorphic. Thus V# is 2-dimensional if N is
finite. Because V¥ has a unique N-stable complement in V/, it follows that
the restriction of Q to V¥ is a nondegenerate N-invariant quadratic form,
hence that Q = C* and N is a finite subgroup of O5(C) = C*xZ,. As such,
it is either a cyclic subgroup of the connected component of the identity C*
of O2(C), or a dihedral group D,, for some n > 1, where Dy, is generated
by the generator a of the subgroup Z, in the decomposition of O2(C) above,
and by an element b € C* of order n, ie., Do, =< a,b|a?=b"=1, ab=
b*~'a >. Since QF /N = C*/N = Q/G = A, the former is impossible, hence
N is a dihedral group D,,. Note that by considering the standard action
of Dy, on C? given by a(z,y) = (y,z) and b(z,y) = (bz,b~y), it is easy
to conclude from the theorem of Luna and Richardson that if f,g € O(V)G
are homogeneous generators of O(V)® such that Q is the zero set of f — 1,
then n = degg.

Proposition. There is a G-isomorphism X => Q over A.

Proof. The bundles X# and QH over A are the principal N-bundles asso-
ciated with X and . We have to show that there is an N-isomorphism
XH — QH over A. We first show that the set of fixed points X# is con-
nected by applying Smith theory. The classification in the Appendix shows

that, for every linear model with finite N, one of the following is true for
H:
— H is a dihedral group;
— H is a torus;
— H contains a torus or an extension of a torus by Zy or Zo x Zy which
has the same fixed points as H in the linear model @, hence alsoin X.
(The only non obvious cases are the representations of C3, Fy and Cy x Cp,
in Table 4, but by looking at the slice representations and using Luna’s
theorem, one sees that in these cases the third statement is true.) In each
case we can apply Smith theory (see [B, Chap. III, §7 and §10]) to conclude
that X¥ has the R-cohomology of a sphere, hence X¥ is connected.
Applying the theorem of Luna and Richardson to X, we see that X* /N =
A. Moreover, all but two of the fibers consist of |N| points, and the two
exceptional fibers consist of Jl—;r-l points. We therefore obtain for the Euler
characteristic of X#:

x(XH)=n-x(pt) +n- x(pt) +2n - x(A) = 0.

Thus X¥ is an affine irreducible smooth curve with vanishing Euler char-
acteristic, and it follows that XH 2 C*. We already know that Q¥ = C*.
Since N is a dihedral group, there is a unique way to embed N into the au-
tomorphism group of C* such that the quotient is isomorphic to the affine
line A, and it follows that there is an N-isomorphism X# — Q¥ over A
whose restriction to A is an N-isomorphism X¥ — QH. O

3.5. Linearization now follows from the next
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Proposition. The following holds for sections of A over Ap and Aq respec-
tively:

A(A,) = A(R,),
A(Ag) = A(A,).

Proof. By construction the principal isotropy group of N on Q¥ is trivial,
and there are two exceptional isotropy groups N4 and Np, both isomorphic
to Zy. Consider the action of N; on N = D,, via conjugation, i = A, B.
One easily verifies the following: if n is odd, then N¥: = N;; if n is even,
then the center Z(N) of N is isomorphic to Zz, and NV = N; x Z(N). In
the sequel, we will carry out the arguments for the point p, but everything
will be the same for the point g. It is clear that the group I' 4 in Proposition
3.3 is just the group N4 in the present situation. Thus .A(Ap) >R xNa N,
where N4 acts on N by conjugation. By 3.3 we have Ng C A(A,). If nis
odd, we conclude that A(AP) =NNa=N,C .A(Ap), which implies the claim.
If n is even, then A(A,) = NV4 = N4 x Z(N), and since N4 C A(A,) C
A(A,), we only have to show that there is a section in A(A,) which is not
in N4. As mentioned in 3.4, the generating invariants of O(V)€ both have
even degree if n is even. It follows that there is an action of Z; on V,
given by +id, which commutes with G and fixes O(V )€, hence induces a
global section of A of order 2. It also induces a section w € A(A,). It is
clear that the section w, viewed as a G-automorphism of Qp over Ay, has

no fixed points, whereas it is equally clear that the automorphism of @,
corresponding to the generator of N4 has fixed points, namely the closed
orbit in the fiber over p. Thus, w ¢ N4 as a section over A,. 0O

Corollary. Suppose the given G-action p on X has an orthogonal linear
model suth that N = Ng(H)/H is finite. Then p is linearizable.
Proof. Let 9§, : Qp — X, ¥y : Q — X, and 9 : Q—»Xbethec-
1somorphlsms which exist by 2 3 and 3.4, and consider the sections ¢ loyp €
.A(A ) and zl)_ = A(A ). By the last proposition we have ¢ o) =
'yp € .A(Ap) and 1/;' o =4, € A(A,). Define new G-isomorphisms
1[1,, Y : Qp — X and @, = z[)q-’yq : Qq — Xq. Then the isomorphisms
(pp, Pq and 4 satisfy both of the assumptions in Proposition 2.1, and the
claim follows. O

4. Linearization when N has positive dimension

4.1 We will now deal with the case that the group N is positive dimensional.
A glance at the classification shows that this only happens if the linear model
is reducible. We distinguish two subcases:
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Type 1: The linear model is of the form (W & W*,G), where W is a G-
representation without invariants (Table 5 in the Appendix).

Type 2: The linear model is of the form (V, G) = (Vy, G)®(V2, G), where the
(V;, G) are orthogonal representations with 1-dimensional quotient (Tables
2 and 3 in the Appendix).

4.2. The structure of the automorphism group schemes for linear models
of Type 1 can be determined using the following remarks. Since the linear
model (V, G) is orthogonal and has a 2-dimensional quotient, it follows from
[S2] that the ring of regular functions O(V) is a graded free module over the
ring of invariants O(V)€, and that there is a G-stable homogeneous subspace
T C O(V) such that multiplication induces an isomorphism O(V)¢ @ T =
O(V). Let V4,...,V, be the irreducible components of V. Then the sum
T; of all subspaces of T which are isomorphic to V,* is finite dimensional
(see [S1]), and the multiplication induces an isomorphism O(V)¢ ® T; —
O(V)€ - T; onto the isotypic component of O(V) of type V;*. The natural
projection pr : O(V) — O(Q) induces an isomorphism O(Q)® ® § =
0(Q), where S = pr(T) is isomorphic to T. If S; := pr(T}), it follows that
the multiplication induces isomorphisms O(Q)¢ ® S; -5 O(Q)€ - S; onto
the isotypic component of O(Q) of type V;*. It is shown in [Kr-S, I111.2.3
and 2.4] that the group scheme A is completely determined by the sum of
these isotypic components. The reason is that a G-automorphism over the
quotient is determined by its action on the generating invariant and on the
isotypic components of O(Q), i.e., by its action on the O(Q)%-module of
all G-equivariant morphisms V' — V| or, equivalently, of the G-invariant
vector fields A(V)C on V. Consider now the representation (V¥ N) of N
on the subspace of V' that is fixed by the principal isotropy group H, where
N = Ng(H)/H as usual. Then the obvious restriction maps induce the
following commutative diagram for invariant vector fields:

A(V)E =5 AWVHWN
P |
AQ)° AQH)N

The projections are surjective, and resy is an isomorphism if and only if resg
is an isomorphism. It follows from the above that if resy is an isomorphism,
then the automorphism group schemes of Q and of Q¥ are isomorphic.

resg

4.3. For all linear models of Type 1 resy is an isomorphism. For the first en-
try of Table 5 this is straightforward; for the remaining three entries it is con-
tained in the results of §14 in [S3] (see Table I, entries 4 and 7/, and Table IV,
entry 19 in [S3}). Thus, for linear models of Type 1 the automorphism group
schemes are those associated with the N-action on the invariant quadric
Q¥ c VH in the representations (VH, N). For all Type 1 models, these rep-
resentations are equivalent to the following: V# = C%, N = C* x (C* x Z,),
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and the action is given by (¢, s)(z,y, z,w) = (tsz,ts~'y,t71sz,t7 s w) for
(t,s) € C* x C* and by v(z,y, 2,w) = (y,z,w, z) for the generator v of Z,.
The quadric Q¥ is given by Q¥ = {(z,v,2,w) € V¥ | zw -+ yz = 1}. Note
first of all that there is a C*-action on V¥ that commutes with N and fixes
the invariants. It is given by the connected component of the identity in the
center of N. It follows that the automorphism group scheme A contains a
central subgroup M = A x C*. For the isotropy subgroups A and B cor-
responding to the cexceptional points p and ¢, we have A = Ny =2 C* and
B = Np =2 Zs (w.l.o.g.), and N4 x Np corresponds to the factor C* x Z,
of N.

Let N° denote the connected component of the identity of N. Then
N°® = C* x C* and N/N® = Z,. Consider the restriction (VN of
(VH N) to N° and the corresponding linear action of N° on Q. Again
we have QF /N° = B, where B denotes the affine line. The two exceptional
points p’ and ¢’ of this quotient correspond to isotropy groups isomorphic to
C*. Let C denote the automorphism group scheme of the N%-action on Q¥.
This group scheme is essentially constant: the closure of the restriction
Cl; (where A = A \ {¢/,¢'}) is isomorphic to A x N°. The group N/N°
acts on B by identifying p’ and ¢/, the corresponding point of the quotient
B/(N/N°) = A = Q¥ /N being the exceptional point p. The exceptional
point g of this quotient is the image of the unique fixed point of the N/N°-
action on B. If A® denotes the connected component of the identity section
of the group scheme A that corresponds to the N-action on V| it follows
that

A =B <N/,

N/N? acts trivially on the center of N, and nontrivially on the other factor
C* of C that corresponds to N 4. It follows that the restriction A?| Ay where
‘A, = A\ {g} contains a normal subgroup scheme A, = B xF'8 N, where
N/N°® =Tp = Np = Z; (cf. Proposition 3.3). Moreover, since the subgroup
Np extends as sections of A over the point ¢ by Proposition 3.3, it follows
that

A[A ;22 Ay X Lo,

where A, =A\{p}. These remarks prove part (1) of the next proposition.

Proposition.

(1) For linear models of Type 1, let A° denote the connected component
of the identity section of A. Then AJA° i, TApxZs. LetB, Tp
and N4 be as in Proposition 3.3. Over Aq, A° contains a subgroup
scheme A, = B x T's Ns. Moreover, A contains a central subgroup
M= A x C*, and there is an ezact sequence of group schemes over
A,

A 0. .
1> Ay = Ay, = M|, — 1
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(2) For linear models of Type 2, let B, T4, T, N4 and Ng be as in
Proposition 3.3. Then the following holds:
- Over Ap, A contains a subgroup .A,, o A x Np.
~ QOver Aq, A contains a subgroup .A ~B XFB Ny.
- Over A, there is an ezact sequence

1— Agls = Alg — (A/ A3 = Aplz — L.

(Of course, these statements hold up to interchanging p and q.)

Proof. We are left with proving (2). Let (V,G) = (V4, G)®(V2, G) be a linear
model of Type 2, where (V;,G), i = 1,2, are orthogonal representations with
1-dimensional quotients. Then the quadric @ C V is given as the set of
points v € V such that f(v)+ g(v) = 1, where f and g are the quadratic G-
invariants on V; and V5. We may assume that the quotient Q — A is given
by the function g. Then the exceptional points of the quotient are p = 1
and ¢ = 0. The exceptional isotropy group A corresponding to p is the
principal isotropy group of the G-action on V3, and its slice representation
is (V1, A). Similarly, the exceptional isotropy group B corresponding to the
point ¢q is the principal isotropy group of the G-action on V;, and its slice
representation is (V2,B). Let ¢ # 0,1, let F; = f~1(1 — ¢) be a generic
G-orbit in V3, and let F» = g~1(c) be a generic G-orbit in V5. Then, clearly,
Fy x F; is a generic G-orbit in Q.

Let D be a copy of the affine line. As in the proof of Proposition 3.3, we
get a G-isomorphism

D XFA F1 — ‘./1,
[t7 vl] —t- Vi1,
where V; := V7 \ {nullcone}, and where I 4 is a subgroup of Ny = Na(H)/H

which is isomorphic to Z, and whose generator acts on V; as —id. Similarly,
we get a G-isomorphism

B XFBFQ — 172,

(2,v2]) > 2 - va,

v_vhere‘]E >~ . Consider the maps D — A given by t — —t?(1-c¢) + 1 and
B — A given by z +— c2z? and let Y := D x; i B be the pullback over A With
Y — A defined by (z,t) — c22, wheret#Om\/_andzyéO JE
‘Then the two G-isomorphisms from above induce a G-isomorphism

¥:Y xTaxTe (B x ) — Q,
[(t7 Z), (U17v2)] L d (tvlyQO)y



200 ACTIONS ON AFFINE QUADRICS

over A (where Q — A is given by g and Y xT4*T8 (F} x F3) is induced by
Y- A) By functoriality, we get an isomorphism over A

p:Y xTaTe N - 4|3,

where N is the group of G-isomorphisms of the generic fiber F} x F» over
Q//G. The actions of I'4 and I'g on N are induced by their actions by —id
on F, respectively F,. The induced action of "4 is trivial on Ny C N,
and it follows that Y xT4*T8 N contains a subgroup Y x'2 N4. Since I'p
does not act on D, it is clear that this subgroup extends over the point p
to a group scheme B xF'8 N, over A On the other hand, we know that

the group N4 also extends over the point p as sections in .A(Ap) see 3.3.
It follows that the isomorphism ¢ extends to an isomorphism of B xT8 N4
onto a subgroup scheme .A C Al; Ay Similarly, over the point g, ¢ extends

to an isomorphism of D xF4 N onto a subgroup scheme ./ip C Al A,

For linear models of Type 2 it follows from the classification or with the
help of the theorem of Luna and Richardson that N = N4-Ng, i.e., that ev-
ery n € N can be written as n = n4 -ng withny € Ny and ng € Ng. The
classification also shows that we can assume that N4 is a positive dimen-
sional connected normal subgroup of N. In fact, the connected component
NO of the identity of N is a group of rank < 2 that is not simple, hence one
of the following: C*, SLj, C* x C*, C* x SLy, SLy x SLy. It is now easy to
check that we can assume that N4 is one of the factors of N°. If N° has
two factors then N° = N, and N, is normal in N. If N° has only one factor
then N4 = N° is again normal in N. The exact sequence in claim (2) now
follows from N = N4 - Np if we can show that ./1,, is constant. Recall that
T4 lies in the center of N4. If N is connected then, by the above, the center
of N4 lies in the centerof V,andif N isnotconnected,then N = N4xNp with
Np=Z,. Inbothcases T' 4 C N4 actstriviallyon Np, whencetheclaim. O

4.4. Consider the functor which associates to each morphism ¥ — A the
set of G-isomorphisms Y xj X Y x i Q over A. It is represented by a
variety P — A (see [D-G, I1I, §4]). If A denotes the restriction A|j, then A
acts on P from the right. The slice theorem implies that there is a variety
Z and an étale surjective morphlsm Z — A such that Z x; iPand Z x; A
are isomorphic as Z xx A-varieties with the obvious actions. That is, P is
a principal A-bundle, i.e., an element of the cohomology set H. (A A) of
principal A-bundles over A (cf. [D-G, 111, §4]). A G- 1somorph1sm X —=Q
is the same as a section A — P, and the existence of such a section is
equivalent to P being the trivial bundle, i.e., isomorphic to A.

Proposition. P is trivial, hence there is a G-isomorphism X — Q over A.

Proof. Consider first linear models of Type 1. There is an exact sequence

HL(A, A°;) — HL(A, A) 5 HLA, (A1)



M. DOEBELI 201

The image 3(P) is a Zy-bundle over A by Proposition 4.3 (1). This bundle
has sections around the two missing points in A because of the slice theorem.
Therefore it is trivial, hence P is induced by an element P’ of HL (A, A°).
The exact sequence in (4.3)(1) implies an exact sequence in cohomology:

. - . B' ..
HL(A, Aglz) — HL(A, A%z) — HL(A M|;).

Now M|; = A x C*. Hence the image §/(P’) is a C*-bundle over A and
therefore trivial, because being a smooth affine rational curve A has a trivial
Picard group. Thus P’ is induced by an element Q of H} (A, Ay|;). We want
to show that Q is the trivial bundle. Recall that .A =~ B x22 N,4. Assuming,
as we may, that p = 1 and ¢ = 0, it follows that A qli becomes constant
over a double cover of the form B — A, where B:=B \ {0,1,~1}, and
where the covering map is given by z — z2: B x; i .A >~ B x C*. But then
the pullback B x; Q is again a C*-bundle over the smooth affine rational

curve B and hence trivial. Thus Q belongs to the set of principal bundles of
Aql i Which become trivial when lifted to B. It is known that the elements
of this set correspond bijectively to the elements of the 1-cohomology set
of the covering group Z, with values in the space of sections B — B x i /iq
(see e.g. [Kr-S, IV.4.3)). Since B x i Aq = B x C*, this latter space consists
of units in O(B). Thus it is enough to show that H(Z,, O(B)*) is trivial.
Now O(B)* = C|z, 27}, (2 —1)"1, (z+1)~1]*. The generator -y of Z3 acts on
an element h(z)=X-2%(z — 1)’(z + 1)°€ O(B)* (where A€ C*, a,b,c€Z) by

Th(z) = h(—2)" ' =x"127%(z - 1)"°(z2+1)"".

To calculate H!(Z,, O(B)*), one has to consider the elements D = y~1 and
N = v+ 1 of the group algebra over Z,. These elements operate on O(B)*
by

D(h(z)) =" h(2) - h(2) 7",
N(h(z)) ="h(2) - h(z).

By [Se, Chap.VIII, §4], we then have
HY(Zy, O(B)*) = Ker(N)/Im(D).

An easy calculation shows that indeed Im(D) = Ker(V), whence the claim.

For linear models of Type 2, it follows from the exact sequence in Propo-
sition 4.3 (2) that it is enough to show that H} (A, A,|;) and HX (A, Agl;)
contain only the trivial element. Since Ap is constant, the first claim follows
again because A is a smooth affine rational curve. If Ny = C*, the sec-
ond claim follows as for linear models of Type 1. Else we have N4 = SL,.
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An easy exercise shows that the following is true: suppose the cyclic group
T C B acts on B in the natural way and on the algebraic group L by group
automorphisms. Then the group scheme B xT L is constant if the action of
T on L extends to an action of B. In particular, this is the case if the auto-
morphism group of L is connected (embed T in a maximal torus of Aut(L)).
In the present situation it follows that .A is constant if N4 = SLs because
Aut(SLy) = PSL,. But then H; t(ﬁls A qolz) is trivial, again because Aisa
smooth affine rational curve. O

4.5. By 2.2 and by the last proposition, for all linear models of Type 1
and 2 we now have G-lsomorphlsms ¥:Q — X over A, wp Q,, — X over
Ap and ¢q : Qq — Xq over Aq. By Proposition 2.1, to get linearization we
have to multiply these isomorphisﬁms by appropriate sections of the group
scheme A so that ¥~ o 1]1,, € A(A,) and ¢ lo J;q € A(A,) reduce to the
identity section. First of all we remark that it is enough to consider the
connected component A° of A. For if A is not connected, then by 4.3,
(A/A%)|; = A x Z,, and the section corresponding to the generator of Z,
extends over one of the exceptional points. By multiplying ¥ with this
section, and, if necessary, also the G-isomorphism given in a neighborhood
of the exceptional point to which the section extends, we can always arrange
that 910 1/3,, and ¥v~lo qu are sections of A°.

The proposition below gives a criterion when the glueing is possible. It
disentangles the problem and reduces it to separate questions about the
group schemes .A and .A (resp. M) occurring in the exact sequences of
Proposition 4.3. For lmear models of both types let B, denote the closure
of A, in A (recall that A, was defined over A, = A\ {g}). For linear models
of Type2let B, denote the closure of Ap in A, and for modelsof Typellet B,
denote M (see Proposition 4.3). Consider the following conditions (*):

By(A,) C By(A) - By(A,), (+1)
B,(Ag) C By(A) - By(A,), (+2)
B,(A,) C By(A,) - By(Ay), (+3)
B,(Ayp) C By(Ay) - By(Ay). (+4)

(Note that we could replace B; with A;, i = p, ¢, in (¥1) and (*2), since the
sections considered coincide.)

As we will show below, the glueing problem can be solved if these con-
ditions are satisfied. Roughly speaking, they imply two things. First, they
imply that around each of the points p and g, sections of B, and B, over

A can be obtained as a product of a section over A and a section over A.
This solves the glueing problem locally around each of the points p and gq.
Second, the fact that we can take sections over A and Aq, and not only over
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A, in the left hand factors of the products in conditions (*3) and (*4) leads
to a global solution of the glueing problgm. To understa{ld this intuitively,
suppose that we have sections a € B,(A,) and d € B,(A,). Then we can
write a = b-c with sections b € B,(A) and ¢ € B,(A,) according to condition
(*¥2). This corresponds to glueing around q. Similarly, the glueing around
p corresponds to d = e - f with e € BP(AP) and f € B,,(Ap). However, the
glueing around p is in general not compatible with the glueing around q. As
will be apparent from the proof of the proposition below, fitting the pieces
together requires multiplying the sections b and e in B,,(A), and compati-
bility means that it must be possible to write the section a = b- ¢ also as a
product a = (b-e) - ¢ for some section ¢’ € B,(A,). But since e € By(A,) is
a section over Ap and not only over A, it also induces a section e over Aq.
Putting ¢ = e™! - ¢, the requirement for compatibility can be met. Thus,
once we know that the various local glueing problems can be solved, the
fact that the subgroup schemes /iq and .A,, from 4.3 extend over the points
p and q respectively allows us to solve these local problems in a way that
results in a global G-isomorphism X — Q.

Proposition. Suppose (x1)—(*4) are satisfied. Then X and Q are G-iso-
morphic.

Proof. We show that the isomorphisms 1/3,,, qu and ¥ can be multiplied
by appropriate sections of A so that they satisfy the assumptions of 2.1.

Consider the section 1/3; loge A(Aq). Then, by Proposition 4.3:
’lr/;q_l o 1/) =7" ﬂa

where v € Bq(&q) and 8 € BP(AQ). By (*2) there are sections 3 € B,(A)
and S8 € B,(A,) such that
B-B=p.
Similarly, the section 1/3; lo@-B 1) e .A(&p) can be written as
Y, o(@-B)=6a

with § € Bq(l‘:\p) and a € B,,(;%p). By (#4) there are sections & € By(A,)

and & € B,(A,) such that
&-a=a.

Section & induces by restriction sections of B,(A) and B,(A,), which we also
denote by &. Now consider the G-isomorphisms
b= pt e G X,
(Z‘Sp 2=1/;p- :Qp_’Xpy
bg =g B-a7t Qg — X,

[}
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Then we have

b;lop=a B (o) p1-a7
=&-fl-y-8-81 a7

Since B, is a normal subgroup of A, we can write this as

$;lop=a-f7t-y-B-F1 a7
VN i I
=7 (since §-5=0)

for some section v’ € B,(A,). Similarly, we have

$tog=at-(Ploy) - f71 a7
= A——l.b‘.a.a""l

=§-ata-at

=§

for some section ¢’ € B, (Ap). We have thus reduced the sections 3 and o
to the identity. In a completely analogous way, using (*1) and (*3), we can
now multiply the new G-isomorphisms é, ép and ng by the appropriate local
sections of A to reduce v’ and §’ to the identity section. [

4.6. We use Section 4.3 to prove linearization for linear models of Type 1.
In these cases, we only have to consider the group schemes associated with
the N-action on the quadric Q¥ c V¥ in the representation (V¥, N).

Proposition. The automorphism group scheme associated to Q¥ — A sat-
isfies the conditions (x) in 4.5. Hence, by 4.3, all actions with a linear model
of Type 1 are linearizable.

Proof. We first consider the central subgroup M = A x C* and conditions
(¥2) and (*4). We may assume that ¢ = 0. A section o € M(A,) is just a

morphism A, — C*, hence an (invertible) Laurent series o € C((2))*. It is
clear that every Laurent series can be uniquely written as a product r-s with
an invertible power series r € C[[2]]* and a unit s € C[z,271], if we impose
7(0) = 1. Thus o can be written as a product of sections in M(A,) and
in M(A), hence (+2) is satisfied. Similarly, (+4) is satisfied as well, and we
are left with showing the corresponding properties for the group scheme B,.
We show first that (¥1) holds. Then we only have to consider the restriction
Aq = Bql,'\q' We know that Aq =~ B xZ2C*, since N4 = C*. Assuming, as

we may, that p = 1, we consider the double cover B — A given by z +— —2z,
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where B := B\{-1,1,0}. Then Z; acts on morphisms C* (B) by sending h(z)
to h(—z)~?, and the sections A4(A) are given by the fixed points C*(B)Zz.
Similarly, A4(A,) = C*(B,)%* and A,(A,) = C*(B,)%2, where B and B are
given as usual. There is a surjective map C*(B) x C*(B,) — C*(B,). Taking
Z,-invariants (1) follows.

We are left with showing that (x3) holds. We have seen in 4.3 that the
connected component of the identity section .A? is isomorphic to B x¥/N°¢,

where C 2 A x (C*)2. Sections of A° are just the N/NC-invariant sections
of C. We assume that the fixed point of N/N° on B is the point 0, hence

that B = Spec C((2)) if we let B = SpecC|z]. Since C is constant around 0,
an element & € C(B) is given by two units h(z), k(z) in C({(2))*:

& = (h(2), k(2)).

It follows from the description of the N-action given in 4.3 that the generator
v € N/N? acts on such a section by

7 &= (h(-2),k(-2)™).

The sections of the form (h(22), 1) are y-invariant and give all sections of the

central subgroup M over Aq. Sections of B, over Aq are given by the fixed
.~ N/N®
points C*(B) , i.e., by Laurent series k(z) for which k(—2)"! = k(=2).
. 0 -
Similarly, B,(A)=C]|z, z‘l]*N/N and Bq(Aq)=C[[z]]‘N/NO. As in the case
for the central subgroup above the multiplication induces a surjective map

(C[z,z_ll' x C[[z]]* — C(2))*.

Taking N/NO-invariants the claim follows. (]

4.7. We make a few remarks concerning the proof of Proposition 4.6. To
prove (x2), (¥3) and (*4) in 4.6, we used certain properties of the sections
of group schemes of the form C = B xT C* over A (for (¥2) and (*4) the
group I involved was trivial). Roughly speaking, these properties are that
sections of C over the (formal) punctured disc at the origin can be obtained
as a product of a section over the punctured disc which extends as the
identity over the origin, and a section over A. Since sections of C are just
I-invariant morphisms to C* (where v € T acts on a morphism in the usual
way by Yo = y-0-y~1), this means that C*(B)T = C*(B)T-C*(B)[, where the
subscript 1 denotes those sections which induce the identity in the fiber over
the origin. That is, C* has the decomposition property , see [Kr-S,V.0.5]. In
fact, every algebraic group has this property: Let the finite group I'" act on
the affine line B and on the algebraic group M via group automorphisms.
For p1, pp € M(B) write py = pa + O(t") if pyus ! is tangent to I to order
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r at 0, where I denotes the constant map to the identity of M. Define
M@B), ={p € MB)| p=I+o(t")}, and set M(B)T := M(B). N M(B)T.
Then )

M@®B)F = M@B)T - MB)F,

see [Kr-S, V.2.4]. Moreover, if M is seinisimple or unipotent then M has
the approzimation property:

M®) = MB)T -M®B)F  vr>1,
see [Kr-S,V.3.5]. This will be used in 4.10.

4.8. We have now reached the final stretch and show linearization for linear
~ models of Type 2. Unfortunately, the map resy : A(V)¢ - A(VE)N of 4.2

is not always an isomorphism in this case, and we can’t restrict the problem
as we did for linear models of Type 1.

Conditions (x1) and (x2) in 4.5 are conditions on the group schemes A,
and A,, of Proposition 4.3. Since we restrict our attention to the connected
component A° of A and hence to the connected component of the identity
of the group N, we can assume that both Ny ¢ N and Np C N are either
isomorphic to C* or to SLy. (The only other possibility would be Z, see
1.5 and the proof of Proposition 4.3.) If N4 or Np are isomorphic to C*,
the conditions follow in exactly the same way as condition (x1) was proved
for the group scheme Aq in Proposition 4.6. If N4 or Np are isomorphic
to SLs, the corresponding group scheme ./iq or ./ip is constant, because the
automorphism group of SL, is connected. This was shown in the proof of
Proposition 4.4. The conditions then follow from the decomposition prop-
erty for algebraic groups (see 4.7). -If the group schemes B, and B, are
constant, i.e., isomorphic to A x N4 and A x Np respectively, the other two
conditions are satisfied for the same reason. For example, this holds for all
linear models in Table 2 in the Appendix.

4.9. It remains to prove that (*3) and (*4) hold when N4 and Np are
isomorphic to C*. We will show that (x3) and (*4) are conditions on the
degrees of the generating covariants of the linear model (V, G). Recall that
B, is the closure of A, = B x'8 N, in A, while B, is the closure of A,
A, x Np in A (see Proposition 4.3). In the sequel, we will make all the
arguments for the group scheme B,. However, replacing the group I'p in
these arguments by the trivial group, it will be clear that the same arguments
are valid for the group scheme B,,.
The isomorphism Aq =~ B xT5 N, induces an isomorphism of sections

¢: Na(B)"2 = By(A,),

and the restriction of ¢ to N4(B)'5 is an isomorphism N (B)T'5 2 B,(A,).
The sticky point is to see whether » maps the sections N (B)'5 c N4(B)Fs
to B,(A), i.e., to the sections in B,(A,) that extend over the point g.
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Lemma. Suppose that G(Na(B)T®) c B,(A,) in Bq(.&q). Then (x3) is
satisfied. By symmetry, an analogous statement is true for (x4).

Proof. Let b e B,,(Aq), and let a := gfa‘l(b). By the decomposition property
for N4, see 4.7, there are sections @ € N4(B)'® and & € No(B)L® with a =
a-a. Clearly b:= $(a) € Bq(Aq), and by assumption b := $(&) € B,(A,).
It follows that b = b - b, hence that B,(Ag) C By(A,) - By(A,). O

4.10. If N4 or Np is isomorphic to SLy, it is enough that ¢(N4(B)L5) c

~

By(A,) forsome r> 1, because SLy hasthe approximation property, see (4.7).

Proposition. Suppose that N4 22 SLy. Then (x3) is satisfied. By symme-
try, (x4) is satisfied if Ng = SL,.

Proof. Note that O(]f%) = C((2)) O(A?\q) are topological fields with O(B), =
2"Cl[z]] = O(A,), as fundamental systems of neighborhoods of 0. The

groups N4 (]B)FB and B, (Aq) inherit the corresponding topologies, and it is
easy to see that the map gB is continuous in these topologies (recall that cﬁ is
induced by the isomorphism ¢ in the proof of Proposition 4.3; cf. also [Kr-S,
VI.1.17)). It follows that there is a number 7 > 1 such that

H(Na(B)EZ) C By (Ay).

Let b € B, (;&q) and a := ¢~1(b) be the sections as in the proof of Lemma
4.9. Since SLy has the approximation property, see 4.7, we can now write
a=a-awithae Na(B)'® and & € No(B)F2. Then b = ¢(a) - (&) €
Bq(Aq) 'Bq(Aq)- g

4.11. We are left with the cases where N4 or Np is isomorphic to C*. We
work towards showing that, taking differentials, the condition in Lemma
4.9 translates to a condition on the degree of the generating covariants of
the linear model. Let (V,G) = (V4,G) & (V2,G) be the linear model, and
let f and g be the invariants in O(V;)€ and O(V,)€ defining the invariant
quadric @ = {(v1,v2) € V| f(v1) + g(v2) = 1} asin 4.3.

We denote the covariants of the linear model by A(V)€: they are the G-
invariant vector fields on V', or, equivalently, the G-equivariant derivations
of O(V). Let A(V)$, be the elements in A(V)€ annihilating the O(V)¢ =
C[f,g], i-e., the G-invariant vector fields along the fibers of the quotient
map. Note that A(V)€ is a free graded O(V)®-module of rank dim V¥, see
[S2]. Let z,... ,z, be coordinates on V; C V such that f = 22 +... + 2,
and let y1,... ,ym be coordinates on V5 C V such that g = 42 + ... + y2,.

Lemma.
(1) As O(V)C-module, A(V)€ decomposes as

A(WV)C = Aso(V)C @ C[f, 9] - A1 & C[f, 9] - Az,
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where Ay == Y o %; - 3—‘2-‘7 and Ay = Z;":I Yj - -3—27 are the Euler
vector fields on V, and Vs.
(2) Letn:=LieN. Thenn= A; ,(V)C|F.

Proof. (1) is left as an exercise. (One checks that for every C € A(V)%, C(f)
and C(g) are multiples of f and g respectively, and then uses that A;(f) =
2f and A,(g) = 2g, while A;(g) = Ax(f) = 0.) Since As (V)€ consists of
vectorfields along the fibers of the quotient map we have As o(V)®|r Cn.
But dimn=dim V¥ ~2=rkg(y,q) As,4(V)® by (1), and the claim follows. O

4.12. We give O(Q,) the filtration {O(Q,);} where O(Q,); = {h €
(’)(Qq) | h € m?}, where j > 0 and where m is the maximal ideal belonging
to a point w = (v,0) € V = V1®V; in the closed orbit in 7r51(q) with isotropy
group B. We give O(A,) the induced filtration {O(A,); = O(Q,)S}-

It follows from the last section that there is a homogeneous generator
D of A,(V)® whose restriction to F is a generator of the 1-dimensional
subspace ny C n. Let the variety X over Aq be defined as X := Aq x C- D.
Since D is a vectorfield along the fiber F', the sections X(A,) induce G-
derivations of O(Q,). For r > 0, we define X(A,), := {C € X(A,) |
C(O(Qq);) € O(Q,);+-Vi}. Confusing elements of By(A,) with the G-
automorphisms of O(Q,) that they induce, we define B,(A,), := {& € A|
&(yi) = i + O(Qg)rs1} as the elements in B, (Aq) which are tangent to the
identity to order r at w (where the y,;’s are a system of generators of m). If
C € X(A,), we define exp(C) to be the usual series I +C + g;_g +..., where
I is the identity and o denotes the composition of derivations. Similarly we
define the logarithm of an endomorphism of O(Qq).

Proposition. The ezponential C +— exp(C) gives an isomorphism (with
inverse log) of X(A,), with By(A,), forr > 1.

~

Proof. (Cf. [Kr-S,VIL.1.6]). Let C € X(A,),, and consider an isotypic com-
ponent O(Qq)(cw) = (’)(Aq) ® S(w), see 4.2. Then S, = kV(’;), where V,,
is an irreducible component of V. Let | denote the maximal number such
that h € O(Qq)l for h € S(,). Then C preserves O(Qq)(gw), and the action
of C on O(Qq)g,) is given by a matrix (a;;) € Mk(O(Aq)). The action
of C? corresponds to the p-th power (al(-;-’ )) of (as;), where the ag.’ ) lie in
O(Aq)max(o’p;r._l.*_l). Since r > 1, the series (ag-’)
topology, i.e., exp(C) gives an automorphism of O(Qq)(cw). It follows that
exp(C)(h) exists for all h € O(Qq). It is clear that the corresponding auto-
morphism of O(Q,) is an element of B,(A,)--

Conversely, let & € Bq(Aq)r, r>1. On (’)(Qq)(w), & corresponds to a
matrix (a;;) € GL(O(Q,)), and arguments as above show that the series

) converges in the m-adic
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log((ai;)) converges to an element of Mk(O(Qq)) which sends O(Qq)(w) N
O(Qy)r t0 O(Qy)() N O(Qg)r+s- The claim follows easily. O

4.13. Together with Corollary 3.5 and Proposition 4.6 the next result
finishes the proof of Theorem 1.

Proposition. If the linear model for a given action is of Type 2, then the
action is linearizable.

Proof. Recall first the setup: we assume that the quotient Q = {(v,v2) €
V=VieVa| f(v1) + g(va) = 1} — A is given by the restriction of g to
Q. Then the exceptional points in A are p = 1 and q = 0, and the slice
representations are (V1, A) and (Vz, B). For ¢ # 0,1, weset Fy = f~(1—c)C
Vi and F,=g71(c)CV;. Then F=F, x F, isageneric G-orbitin Q.

Consider again ng = C- D, with D € A(V)§ , from 4.12. Here and in
the sequel D also denotes the restriction D|r. As in 4.3, the N4-action on
Fy x F; is induced by the action of N4 on the generic orbit Fj of the slice
representation (V;, A). It follows that D must be a covariant of type V;. If
d2 = degy, D is the degree of D in the coordinates of V3, the I'g-action on
N4 therefore induces an action on ny4 given by YD = 4~%.D. I'g acts on B
as usual, and we denote by n4(B)L® those I'p-invariant morphism B — n,
which vanish to order » at 0, cf. 4.7. The exponential exp : ng — N is
I’ p-equivariant, and since it is a local analytic isomorphism, it easily follows
that it induces isomorphisms exp : n4(B)L3 = N(B)L= for all r > 1. On
the other hand, there are isomorphisms exp : X (Aq)r — B'q(ﬁxq)r for all
7 > 1 by 4.12. Consider now the isomorphism of sections

92 : NA(B)PB - Bq(Aq)

(see 4.9). Its “differential” is an isomorphism

oy na(B)'® — X(A,),

which is defined by R .
(psC)(R) 0§ = C(ho ) *)

forh € O(éq), Ceny (]&)FB . It then follows from the various isomorphisms
exp above that the condition in Lemma 4.9 is satisfied if

ey(na(B)[®) C X(Ag)1.

We translate this condition into a condition on the degree of the generating
covariants in A ,(V)C. Recall that ¢ is induced by the G-isomorphism
P Y xFaxTs( B x Fy) — Q that was constructed in the proof of Proposition
4.3. Here Y = Dx AB, where D) and B are copies of the affine line, and where
D — A is given by t > —t2(1—c) +1, and B — A is given by z  cz%. The
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isomorphism ¥ is then given by [(t, 2), (v1,v2)] — (tv1, 2v2). For (t,2) € Y

we have t = %,/ % It follows that over Aq, the I' 4-action on B and B

~

cancels out to give a G-isomorphism over Ag:

~

B x'» (Fix F) — Q,,

[2, (v1,v2)] = (k(2) - v1, 2v2),

where k(z)= 11‘“2 This isomorphism induces the isomorphism of sections ¢.

-C

A

Ifhe O(Qq)s is the restriction of a regular function h € O(V') which is
homogenous of degrees s’ and s in V] and V5, then

D(R)($lz,v1,02]) = 2°¥% - k(2)* 471 D(h|F)(v1, v2),

where dy = degy, D and dy = degy, D are the degrees of D in the coordi-
nates of V; and V5. This follows from the fact that D is a covariant of type
Vi. Thus, D(h) o ¢ = 25t42 . (2)*+41-1. D(h|g). On the other hand, we
have (h o g;)[z,vl,vg] = 25. k(z)“” - h(v1, v2), and it follows that

D(ho §)[z,v1,v2] = 2° - k(2)* - D(h|p)(v1,v2),
i.e., that D(hop) = 2°-k(2)* - D(h|F). Using (*), we obtain for 2™-D € n4(B)
oy(z"- D) = 2""% . k()4 +1. D,

Suppose z" - D € nA(]fB)fB. Then 0 < r = d2(2). Hence if d; < 2, then
r —dy > 0. Since k(z) is a unit in O(B) (k(0) # 0), it easily follows
that in this case @y (na(B)T#) c X(A);. To get condition (x3) it is therefore
enough to check that the V,-degree of all generating covariants is < 2. Using
exactly the same arguments as for the group scheme B,, but with the group
' replaced by the trivial group, it follows that condition (*4) for the group
scheme B, is satisfied if the V]-degree of all generating covariants is < 2.
These conditions on the degree of covariants have to be checked for those
linear models of Type 1 for which the group schemes B, or B, are not
constant and have generic fibers isomorphic to C* (see 4.8), i.e., for those
models in Table 3 for which the total degree d of the generating covariants
is listed. In all these cases, d < 3. Now d = d; + d, and one easily verifies
that if d = 3 then d; > 1 and dy > 1. This finishes the proof. O

Acknowledgements. This work was partially supported by the Swiss Na-
tional Foundation. It would not have been completed without the help of
Hanspeter Kraft and Gerry Schwarz.



D]
[B]
[D-G]
(Kn]
[Kr1]

[Kr2]

[S1]

M. DOEBELI 211

References

M. Doebeli, Reductive group actions on affine quadrics with 1-di-
men sional quotient: topological aspects and classification of linear
models, Bull. Soc. Math. France 122 (1994), 505-531.

G. E. Bredon, Introduction to Compact Transformation Groups,
Academic Press, New York and London, 1972.

M. Demazure, P. Gabriel, Groupes Algébriques, Masson, Paris-Ams-
terdam, 1970.

F. Knop, Nichtlinearisierbare Operationen halbeinfacher Gruppen
auf affinen Rdumen, Invent. Math. 105 (1991), 217-220.

H. Kraft, Geometrische Methoden in der Invariantentheorie, Aspek-
te der Mathematik D1, Vieweg, Braunschweig/Wiesbaden, 1984.
H. Kraft, Algebraic automorphism of affine space, Topological Meth-
ods in Algebraic Transformation Groups, (eds. H. Kraft, T. Petrie,
G. Schwarz), Progress in Mathematics, vol. 80, Birkhauser Verlag,
Basel-Boston, 1989, pp. 81-105.

H. Kraft, G. W. Schwarz, Reductive group actions with 1-dimensio-
nal quotient, Inst. Hautes Etudes Sci. Publ. Math. 76 (1992), 1-97.
P. Littelmann, Koreguldre und dquidimensionale Darstellungen, J.
Algebra 123 (1989), 193-222.

D. Luna, Slices étales, Bull. Soc. Math. France 33 (1973), 81-105.
D. Luna, R.W. Richardson, A generalization of the Chevalley re-
striction theorem, Duke Math. J. 46 (1979), 487-496.

G. W. Schwarz, Representations of simple Lie groups with regular
ring of invariants, Invent. Math. 49 (1978), 167-191.

G. W. Schwarz, Representations of simple Lie groups with a free
module of covariants, Invent. Math. 50 (1978), 1-12.

G. W. Schwarz, Lifting smooth homotopies of orbit spaces, Inst.
Hautes Etudes Sci. Publ. Math. 51 (1978), 37-135.

G. W. Schwarz, Ezotic algebraic group actions, C. R. Acad. Sci.
Paris 309 (1989), 89-94.

J.-P. Serre, Corps locauz, Publ. de I'Institut de Math. de I’Université
de Nancago VIII, Hermann, Paris, 1962.

P. Slodowy, Der Scheibensatz fiir algebraische Transformationsgrup-
pen, Algebraic Transformation Groups and Invariant Theory, DMV
Seminar, vol. 13, Birkhduser Verlag, Basel-Boston, 1989, pp. 89—
113.

Appendix

Here we list all linear models for actions with 1-dimensional quotient as
defined in 1.2. We repeat the tables obtained in [D, §5] with some ad-
ditional information. Table 1 contains all orthogonal representations of
connected reductive groups with 1-dimensional quotient. Tables 2-5 con-
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tain the orthogonal representations of connected reductive groups with 2-
dimensional quotient. Table 2 contains the representations of the form
(V= V18 VW,G = G x Gy), where (V;,G;), i = 1,2, are representa-
tions from Table 1, and where G acts trivially on V2 and G5 acts trivially
on V. Table 3 contains the mixed cases, which are as above but without the
assumption that G; and G5 act trivially on V3 and V] respectively. Tables 4
and 5 contain those representations which are complexifications of real irre-
ducible representations. Table 4 contains the ones which remain irreducible
after complexification, the others appear in Table 5.

In the tables G will denote the group that acts according to standard no-
tation. In the column V we list the representation using the notation in [Li]:
w; denotes the irreducible representation corresponding to the fundamental
weight w;, nw; the one with the highest weight nw; (n € N). If G has more
than one simple factor, the fundamental weights of the second factor (and
the corresponding representation) are denoted by wi, the one of the third
factor by w/. w} denotes the dual representation of w;, etc. If a € Z, then
¥, denotes the 1-dimensional representation of C* with weight a.

Under H we list the principal isotropy group, and under A and B in Ta-
bles 2-5 the exceptional isotropy groups of the G-action on Qv (cf. Propo-
sition 1-in 1.3).

Under N we list the G-automorphism group Ng(H)/H of the generic
fiber G/H of the quotient map, i.e., N is the generic fiber of the associated
automorphism group scheme A$. In Table 4, D,, denotes the dihedral group
of order 2n. N is either computed directly or with the help of the Luna-
Richardson theorem (cf. 3.4).

In Table 2, (w,C) and (w’, D) are representations from Table 1, 3 and
Y denote 1-dimensional trivial representation of C and D respectively. C’
and D’ denote the principal isotropy groups of (w,C) and (', D); N¢ and
Np denote the C- resp. D-automorphism groups of C/C’ and D/D’.

In Table 3 we list under d the (total) degree of the generating covariants
of A 4(V)€. To compute this degree one computes the generators of A(V)“
as follows: By 4.2 there is a G-stable subspace T C O(V') which is a graded,
free module over O(V)® and such that the multiplication induces a G-
isomorphism O(V)¢ @ T = O(V). If Vj is an irreducible subspace of V,

" then generators of the equivariant maps from V to V) correspond to copies
of V¥ in T. By Theorem 1.1 in {S1}, V¥ occurs in T with multiplicity my =
dim V. Given m,, one computes the decomposition of the homogeneous
components O(V);, j > 1, of O(V) as G-module until one comes across
the required number of copies of V¥ in 7. A blank entry in the column d
indicates that the associated group scheme is constant. An entry * indicates
that, although the group scheme is not constant, one doesn’t need to know
these degrees because of the approximation property for SLo (see 4.10).
Note that all the associated group schemes By and B, of 4.5 are constant
for linear models in Table 2.
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Table 1
G \ 4 H N
(o Yo ®X_p, a,b>0 finite c*
A, (n=21) wy ® wi Anq c
CxAp(n21) | (Ca®w))®(Ca®uf), a>0 | C*xAny | C
B, (n>2) wh Dn Z,
D, (n>3) wy B, Zy
Cn (n 2 2) wq GSw{ Cn—l Al
CxCo(n22) | (Fa®u})®(Ca®wf)® a>0 | C'xCoy | C*
Al X Cn (n Z 2) wi ®w’1 Al X Cn_1 Zz
Ay x Ay w1 QW) Ay Zy
A1 wo ‘I:’t Z2
Az wo Cs Zy
Bs wa Gy Zy
B4 (D73 B3 Z2
Cz wo A1 X A1 Zg
Gs wy Ay Zy
Table 2
G \% H A B N
C wdX c’ C C Nc¢
CxD whw C'x D C'xD CxD N¢ x Np
Table 4
G \4 H A B N
A1 4w, D4 C* x Zz C* x Zg D3
As wWiws C*xC* A xC* C* x Ay D3
B2 wo Cc*xC* Al x C* C* x Al D4
D2 Wy C*xC* Al x C* C* x Al Zz X Zg
C3 wy (A1)3 Cz X A1 A; X C'z Dg
A wy n By By Ds
G2 w3 C*xC* Al x C* C* x Al Ds
A X A; 3wy ®(‘t);L Dy C* x Zo C* x Zsy Ds
Cyx Cp, (m > 2) wq ®wi (A1)2 X Cprea |Cy X Cry_a (A1)2 X Cppe1 Dy
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