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I review the toolkit of moment equations for spatial evolutionary models.
I ﬁrst show how to derive spatial moment equations from ﬁrst principles.
The selection gradient depends on measures of genetic and demographic structure.
I discuss the connection with inclusive ﬁtness theory.
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How should we model evolution in spatially structured populations? Here, I review an evolutionary
ecology approach based on the technique of spatial moment equations. I ﬁrst provide a mathematical
underpinning to the derivation of equations for the densities of various spatial conﬁgurations in
network-based models. I then show how this spatial ecological framework can be coupled with an
adaptive dynamics approach to compute the invasion ﬁtness of a rare mutant in a resident population at
equilibrium. Under the additional assumption that mutations have small phenotypic effects, I show that
the selection gradient can be expressed as a function of neutral measures of genetic and demographic
structure. I discuss the connections between this approach and inclusive ﬁtness theory, as well as the
applicability and limits of this technique. My main message is that spatial moment equations can be used
as a means to obtain compact qualitative arguments about the evolution of life-history traits for a variety
of life cycles.
& 2015 Elsevier Ltd. All rights reserved.
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1. Introduction
Classical evolutionary models usually rely on the assumption
that the population is well-mixed, thus neglecting the role of
spatial structuring in the evolutionary process. In recent years, a
growing number of studies have addressed this shortcoming by
investigating evolution in spatially or socially structured populations (for reviews, see Rousset, 2004; Lion and van Baalen, 2008).
Over the years, a wide range of techniques have been introduced to tackle this important question (Tilman and Kareiva, 1997;
Dieckmann et al., 2000; Rousset, 2004). Individual-based (or
agent-based) simulations are a natural framework in which to
explore the role of local interactions or limited dispersal on the
evolution of a trait, and still form the backbone of virtually all
studies in spatial evolutionary ecology. Pure simulation studies,
however, usually have some downsides. First, it may be easy to get
lost into unnecessary details of the biological process, thereby
E-mail address: sebastien.lion@cefe.cnrs.fr

increasing the difﬁculty of picking up the biological signal from the
simulation noise. Second, the danger is great of interpreting the
outcome of simulations using appealing verbal arguments instead
of either testing one's hypotheses using simulation experiments,
or providing an analytical underpinning to the results.
Although analytical models of spatial evolutionary dynamics are
notoriously difﬁcult to handle, a fair number of successful approaches
have been introduced in the ﬁeld over the years. Three main analytical
frameworks exist to this date: metapopulation models with large local
population sizes (Metz and Gyllenberg, 2001; Jansen and Vitalis,
2007); models of deme-structured populations with ﬁnite and constant local populations (see Rousset, 2004; Rousset and Ronce, 2004;
Lehmann et al., 2006 for extensions to populations with ﬂuctuating
demography); and spatial moment equations (Matsuda et al., 1992;
Bolker and Pacala, 1997; Van Baalen and Rand, 1998; Rand, 1999; Law
and Dieckmann, 2000; Lion and van Baalen, 2008).
The aim of spatial moment equations is to derive equations for the
dynamics of spatial moments. This approach can be applied to discrete
space (stochastic processes on networks, Matsuda et al., 1992; Rand,
1999; Van Baalen, 2000) or to continuous space (spatial point
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processes, Bolker and Pacala, 1997, 1999; Law and Dieckmann, 2000).
In discrete space, one will typically track the densities of sites in a
given state (densities of singlets), the densities of pairs of sites, the
densities of triplets of sites, and so on. In continuous space, equations
for the global densities of different types, along with the dynamics of
spatial correlations between two or more types, are needed. Both
frameworks have their respective merits and limitations, but, to my
knowledge, only a very restricted number of studies have modelled
evolutionary dynamics in continuous space (see e.g. North et al., 2011;
Barraquand and Murrell, 2012a,b). I will therefore focus my review on
discrete-space models and brieﬂy outline the most salient similarities
of continuous-space models in Box 1.
The demarch of spatial moment equations is very similar to the
use of moment equations in quantitative genetics, in which one
seeks to derive equations for the dynamics of the mean, variance,
and higher-order moments of the distribution of the evolving trait.
As in quantitative genetics, one is ultimately faced with an inﬁnite
system of equations that needs to be closed using an appropriate
moment closure approximation. In quantitative genetics, the distribution of the trait is often assumed to be Gaussian (Lande, 1976;
Lande and Arnold, 1983; Abrams, 2001; Day and Proulx, 2004).
Thus, only the mean and variance of the distribution are needed.
In spatial models, alternative moment closure approximations,
such as the pair approximation, have been developed for both
discrete-space and continuous-space models (Matsuda et al., 1992;
Sato et al., 1994; Bolker and Pacala, 1999; Rand, 1999; Dieckmann
and Law, 2000; Van Baalen, 2000; Ellner, 2001; Murrell et al.,
2004).
The purpose of this paper is to provide a methods-minded
review of the use of moment equations in spatial evolutionary
ecology. My main motivation is to dissipate the confusion about the
inner workings of the method and make it more palatable to the
average (theoretical) biologist. Currently, the use of spatial moment
equations is hampered by several obstacles. First, different authors
use different approaches and notations. Second, the link to biological concepts such as inclusive ﬁtness theory is still not well
understood. Third, the popularisation of the technique under the
misleading label “pair approximation” has been instrumental in
spreading the misconception that the method may only be applied
to interactions between pairs of individuals, or is inherently ﬂawed
because it necessarily ignores larger-scale spatial patterns. Lastly,
new technical developments of the approach have usually been
introduced in the literature as new biological questions were
investigated, so that, overall, progress in this area has been brought
forward by a fruitful wave of pluralism, but largely outside a welldeﬁned and consistent theoretical framework.
Throughout this review, I will use a running example of a simple
SIS epidemiological model (also known as the contact process in the
mathematical literature, Harris, 1974; Liggett, 1985; Neuhauser,
1992). This review consists of two parts that are largely independent of one another. Readers familiar with the derivation of spatial
moment equations should feel free to directly jump to the second
part. In the ﬁrst part, I focus on ecological dynamics and show how
deterministic moment equations can be derived from ﬁrst principles, using a microscopic description of the stochastic process. I ﬁrst
unfold the general machinery, then apply the result to the SIS epidemiological model (or contact process). In the second part, I show
how spatial moment equations can be coupled with an adaptive
dynamics evolutionary framework to derive analytical approximations for the direction of selection in terms of local measures of
genetic and demographic structure. The approach is general, but for
the sake of simplicity, I mostly discuss the application to the SIS
model. The result for the SIS model is particularly simple, both
mathematically and biologically, but further extensions and complications are reviewed in the discussion.

2. Ecological dynamics
Spatial moment equations may be thought of as deterministic
approximations of a stochastic individual-based process in space.
Mathematically, this stochastic process is a Markov process and
the moment equations give the expected dynamics of various
spatial conﬁgurations, which can be derived from the generator of
this Markov process (Liggett, 1985; Champagnat and Méléard,
2007; Ovaskainen et al., 2014). The general theory goes beyond the
discrete-space approach I review here and has been developed for
general processes in continuous space (Ovaskainen et al., 2014), at
the cost of greater mathematical complexity (see Box 1 for a rapid
overview).
2.1. Space
Let us consider a network of N sites. Each site can be in one of
M states. The set of all possible states is Ω, which, for simplicity,
will be considered a subset of Z (i.e. each state is represented by an
integer). The state of site i is σ i A Ω and the state of the network is
represented by the vector σ ¼ ðσ i Þ. The connectivity of the network
is encapsulated in an N  N symmetric matrix ðJ ij Þ where J ij is 1 if
there is a connection between sites i and j, and 0 otherwise. No site
is connected to itself (J ii ¼ 0). For simplicity, I shall assume that J is
constant over time (i.e., I focus on static networks).
For convenience, I deﬁne the indicator variable ai as

1 if site i is in state a
ai ðσ Þ ¼
0 otherwise
and the vector-valued function aðσ Þ that returns the vector ðai ðσ ÞÞ.
2.2. Spatial observables
The vector σ contains all the information on the network at a
given time. The objective of spatial moment equations is to track
the dynamics of a small number of well-chosen functions of σ
(observables) instead of the full dynamics of σ .
For instance, one can calculate the number of sites in state a,
which is (dropping the dependency on σ for convenience)
½a ¼

N
X

ai ¼ aT 1;

i¼1

where 1 is the N  1 vector containing only ones. This corresponds
to moments of the ﬁrst order of the spatial distribution of individuals. Obviously, we need more information to characterise this
distribution. We can take one further step and compute the
number of pairs of sites in state ab, which is
½a : b ¼

N X
N
X

J ij aj bi ¼ aT Jb:

i¼1j¼1

The notation “:” indicates that the indicator functions a and b are
to be evaluated on pairs of sites. Note that, because the matrix J is
symmetric, we have ½a : b ¼ ½b : a. Similarly, the number of triplets, quadruplets, and increasingly more complicated conﬁgurations of sites can be computed as functions of σ and of the connectivity matrix J.
Another quantity that will turn out to be useful is the average
number of a neighbours of a b site, which is deﬁned as
½aj b ¼

½a : b
:
½b

This is related to the notion of local density that is typically used in
the literature to analyse models on regular networks (see Section
2.6).
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Box 1–Moment equations in continuous space: an overview.

In contrast with reaction–diffusion equations, moment-based
ecological models in continuous space represent populations
as a finite configuration of (marked) discrete points in the real
plane (Bolker and Pacala, 1997; Bolker, 1999; Bolker and
Pacala, 1999; Dieckmann and Law, 2000; Law and Dieckmann,
2000; Murrell et al., 2004; Champagnat and Méléard, 2007;
Ovaskainen et al., 2014). As in the discrete-space case, one is
interested in how the state of the population (the configuration) changes as a result of various events. However, this task
is mathematically challenging in continuous space because
the space of such configurations is infinite and we need to
consider a measure-valued Markov process (Champagnat
and Méléard, 2007; Ovaskainen et al., 2014). The generator of
this Markov process allows us to derive equations for the
time evolution of various observables, as in the discrete case.
For the SIS model in continuous space, one may for
instance track the total densities of hosts infected by the
0
resident (I ) and mutant (I ) parasite respectively. We have
(Bolker, 1999)
dI
¼ βðS I þc SI Þ γ I ;
dt

ðaÞ

0

dI
0
¼ β0 ðS I þ c SI 0 Þ γ 0 I ;
dt

ðbÞ

where S is the total density of susceptible hosts, and
Z 1
c Sx ¼ 2
UðrÞc Sx ðrÞ dr
0

is the average covariance between susceptible hosts and
infected hosts of a given type, weighted by the infection kernel
UðrÞ describing the probability that a parasite propagule lands
at distance r from a focal individual.
Eq. (b) allows us to derive the following expression for the
invasion fitness:


c 0
λ0 ¼ β0 S þ SI0  γ 0
ðcÞ
I
The term between brackets is the continuous-space analogous
of q S=I 0 in Eq. (9). The main difference is that the average
covariance is a centred moment and therefore the effect of
space is expressed as a deviation from the non-spatial density
S . However, the biological interpretations are similar.
To proceed from (c), one may derive equations for the
dynamics of spatial covariances c SI 0 ðrÞ, c II 0 ðrÞ, c I 0 I 0 ðrÞ. These
spatial covariances describe the demographic and genetic
structuring of the parasite population. Estimates for relatedness at different distances could in principle be obtained from
the dynamics of these covariances (see Robledo-Arnuncio
and Rousset, 2010 for another approach). As in the discrete
case, the equations for the spatial covariances will depend on
higher-order spatial moments and moment closure approximations can be used to reduce the dimensionality of the
system (Dieckmann and Law, 2000; Murrell et al., 2004).
Under weak selection, quasi-equilibrium approximations
could also be used to make analytical progress by treating
0
c SI 0 =I as a fast variable, as the local densities q x =I 0 in the
discrete-space models. Although it appears that the additional mathematical complexity has so far limited the use of
moment-based continuous-space models in evolutionary
ecology, recent studies (e.g. North et al., 2011; Barraquand
and Murrell 2012a, b) pave the way for a fruitful development
of these techniques.

2.3. Events and dynamics
The state of the network will change according to various
biological events. Depending on the life cycle, different events may
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be considered, such as birth, death, infection, migration, and so on.
Here, I will provide a general representation of the stochastic
process in terms of creation and destruction events. For simplicity,
I will only consider events that may change the state of only one
site. This excludes in particular predation, migration (an event in
which an individual moves to an empty site) but allows for dispersal (an event in which the offspring of a reproducing adult
individual can disperse to an empty site). However, it is straightforward to extend the theory to pair events, at the expense of
more notational clutter (see e.g. Rand, 1999; Van Baalen, 2000).
If the state of site i changes from a to b, the indicator variable ai
changes from 1 to 0, and bi changes from 0 to 1. Accordingly, the
state of the whole network changes from σ to σ þðb  aÞei , where
ei is an N  1 unit vector which has zeros everywhere except on
the i th entry. The probability that such a transition occurs is
Pðσ ðt þ δtÞ ¼ σ ðtÞ þ ðb aÞei j σ ðtÞÞ ¼ r ia-b ðσ Þδt þ Oðδt 2 Þ;
ðσ Þ is the transition rate at site i.
where r a-b
i
Mathematically, those assumptions deﬁne a continuous-time
N
Markov jump process σ t on the (ﬁnite) state space S ¼ Ω . The
behaviour of the process is encapsulated by its inﬁnitesimal generator (Liggett, 1985; Konno, 1997), which is deﬁned for all
bounded measurable functions on S by
Lf ðσ Þ ¼

N
X
X
i ¼ 1 a;b A Ω



r a-b
ðσ Þ f ðσ þ ðb aÞei Þ  f ðσ Þ
i

ð1Þ

The summation is made over all possible transitions that can
change the state of the network at site i. The generator thus
measures the total change in the observable f , weighted by the
rates at which each transition occurs.
The link between the dynamics of observables and the generator is through the backward Kolmogorov equation (Konno,
1997)
dE0 ½f ðσ Þ
¼ E0 ½Lf ðσ Þ
dt

ð2Þ

Here, the expectation of an observable f represents the ensemble
mean, i.e., the expectation of f over all realisations of the process,
conditional on the initial conﬁguration of the system, σ 0 . Later on,
I shall drop the 0 subscript for the sake of simplicity. Given an
initial conﬁguration of the system, this allows us to compute the
expected dynamics of all observables f ðσ Þ of the system.
2.4. Moment equations
The expected change in the number of sites in state a, ½a, can
be deduced from 1 by using f ðσ Þ ¼ aðσ ÞT  1, which gives
"
#
"
#!
N
N
X
X
dE½a X
b-a
a-b
¼
E
r i ðσ Þ  E
r i ðσ Þ
ð3Þ
dt
i¼1
i¼1
bAΩ
hP
i
N
or, with the shorthand 〈g〉 ¼ E
i ¼ 1 g i ðσ Þ ,
d〈a〉 X hD b-a E D a-b Ei
¼
r
 r
ð4Þ
dt
bAΩ
In other words, for each possible event, the transition rates need to
be averaged over all sites and all realisations of the process. The
expected density of sites in state a changes according to the balancebetween
creation events (which occur from state a at average

rate r b-a ) and destruction events (which produce sites in state a


at average rate r a-b ). Note that the notation 〈  〉 is used to denote
the ensemble mean of a spatial average, while ½ refers to the
spatial average in a single realisation of the process.
In a similar fashion, we can derive dynamics for the densities of
adjacent pairs of sites (see Appendix A.2). The resulting equation for ab
pairs takes a similar form as Eq. (4), but the transition rates need to be
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averaged over all connected pairs. Hence, differential equations for the
expected values of various spatial conﬁgurations (e.g. singlets, pairs,
triplets) can be systematically derived from Eq. (2). The derivation can
even be automated using symbolic computation software such as
Mathematica. Minus van Baalen wrote a package for spatial moment
equations in discrete space (http://www.roseraie.lautre.net/minus/
corrdyn/packages/index.html), and Ben Bolker wrote a similar package
for continuous space (http://ms.mcmaster.ca/bolker/meqs/emonk/
index.html). For a related discussion of the derivation of moment
equations in continuous space, see Ovaskainen et al. (2014).
2.5. Example: the spatial SIS model
As an application, I shall consider the spatial SIS epidemiological model. Each site is a host that can be either susceptible (S) or
infected (I). Infection to a neighbouring susceptible host occurs at
rate β, while recovery occurs at rate γ . Hence, we have Ω ¼ fS; Ig (or
f0; 1g). As shown in Appendix A.3, the dynamics of the expected
number of infected hosts can be written as
d〈I〉
¼ β/S : IS  γ /IS
dt

ð5Þ

where 〈S : I〉 is the expected number of SI pairs.
Note that up to now, I have made no additional assumption
about the spatial structure. Eq. (5) is exact and valid for any connectivity matrix J and any network size N. However, the dynamics
of 〈I〉 depends on the dynamics of 〈S : I〉, which will in turn
depends on the dynamics of triplets of sites, and so on (Appendix
A.3). Hence, spatial moment equations provide us with an
unclosed system of equations. In the literature, much effort has
been put in trying to ﬁnd good-quality closure formulae to close
the system at the order of pairs (Sato et al., 1994; Rand, 1999; Van
Baalen, 2000; Dieckmann and Law, 2000; Murrell et al., 2004).
This enterprise has proven to be difﬁcult at best. However,
whereas moment closure approximations are required for quantitative accuracy, the same is not necessarily true if one is only
interested in qualitative predictions. In fact, in my experience,
starting the analysis by closing the system is usually a bad idea,
and it is best to keep the use of moment closure approximations as
a last resort. I shall come back to this point later on, when I discuss
the topic of relatedness. With this in mind, I think spatial moment
equations can provide us with an easy way to add “space” to wellunderstood non-spatial models, even when a full analytical solution to the spatial problem is beyond our grasp.
2.6. Large regular networks
Up to now, I have made no assumption on the size of the
network, but typically, the spatial moment equations derived
above are used as deterministic approximations of the process on
a large network. This boils down to an assumption of spatial
ergodicity: in an inﬁnite network, one expects the ensemble and
spatial averages to be interchangeable. Thus, on a sufﬁciently large
network, a given realisation of the stochastic process can be
expected to ﬂuctuate along a deterministic trajectory predicted by
the ensemble mean. Henceforth, I shall assume that spatial ergodicity holds and replace all ensemble means 〈  〉 by their spatial
counterparts ½.
I will also add another assumption and consider that each site
is connected to exactly n other sites. This deﬁnes a regular netP
work ( N
j ¼ 1 J ij ¼ n for all i). Virtually all published models in
evolutionary ecology using pair approximation have been formalised on regular networks (but see e.g. Rand, 1999; Eames and
Keeling, 2002; Keeling and Eames, 2005; Leventhal et al., 2015),
and most use the following concepts of global and local densities.
For a given state a, the global density of sites in state a is deﬁned as

the fraction of sites in that state,
pa ¼

½a
:
N

Similarly, among all N  n pairs of sites on the network, the fraction of pairs in state ab is denoted pab and deﬁned as the global
density of ab pairs,
pab ¼

½a : b
Nn

Global densities for triplets of sites, pabc can also be deﬁned.
From global densities, one also deﬁnes the local densities of
sites, qa=b and qa=bc
qa=b ¼

pab ½aj b
¼
n
pb

qa=bc ¼

pabc ½aj bc
¼
n1
pbc

In words, qa=b is the average proportion of a sites in the neighbourhood of a site in state b. Similarly, qa=bc is the average proportion of a sites in the neighbourhood of a site in state b that is
connected to a site in state c. The n  1 in the deﬁnition of qa=bc
comes from the fact that there are Nnðn  1Þ triplets in total on a
regular network, and will appear in the equations of pairs through
the variables

ϕ¼

1
n

ϕ ¼ 1ϕ ¼

n1
n

Equipped with these notations, Eq. (5) can be rewritten on a large
regular network as
dpI
¼ ðβqS=I  γ ÞpI ;
dt

ð6Þ

where, for simplicity, the transmission rate β as been rescaled as
nβ (in other words, it is now a per-capita rate and not a per-contact
rate). The non-spatial counterpart of this equation is
dpI
¼ ðβpS  γ ÞpI
dt

ð7Þ

The only difference between the spatial and non-spatial equations
is that the global density of susceptible hosts, pS , is replaced by the
local density, qS=I . More generally, in a well-mixed population,
local and global densities should converge to the same value
(qa=b  pa and qa=bc  pa ). This corresponds to what is generally
called the mean-ﬁeld approximation in biology. The pair approximation goes one step further by positing qa=bc  qa=b . Thus, it takes
into account some information about the neighbourhood of a focal
site, but ignores the possibility of “loops” on the network, i.e. the
fact that a and c may still be indirectly connected because of
network clustering. Pair approximation therefore tends to perform
reasonably well on random networks, but poorly on lattices or
small-world networks with non-zero clustering coefﬁcient, for
which improved pair approximations have been developed (Sato
et al., 1994; Rand, 1999; Van Baalen, 2000).
Finally, I note that, in the SIS model, the dynamics of the susceptible class is directly obtained from the dynamics of the
infected class because of the conservation relationship pS þpI ¼ 1.
Similar conservation equations hold for local and pair densities
(e.g. qS=I þ qI=I ¼ 1). I refer the reader to Rand (1999) and Van
Baalen (2000) for other treatments of the derivation of spatial
moment equations on regular and irregular networks.
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3. Evolutionary dynamics
The previous section has provided a stochastic underpinning to
the derivation of spatial moment equations in ecology. In the limit of
a large network size, these spatial moment equations provide a
deterministic approximation of the underlying stochastic individualbased process. In principle, if we were to write down the equations
for the dynamics of all moments of the spatial distribution, we would
know everything about the dynamics of the system.
Adding evolution to a spatial ecological model requires us to
add states to Ω (one or more mutants), and possibly mutation
events. But all this does not alter the generality of the above framework. Following an approach pioneered by Van Baalen and
Rand (1998), I will now show that we can use the dynamics of
spatial moments to compute the invasion ﬁtness of a rare mutant
and the selection gradient (Metz et al., 1992; Geritz et al., 1998). I
will use the example of parasite evolution in the spatial SIS model
to illustrate this approach.
3.1. Invasion ﬁtness: global densities

dpI
¼ ðβqS=I  γ ÞpI ¼ λpI
dt
dpI 0
0
¼ ðβ0 qS=I0  γ 0 ÞpI0 ¼ λ pI0
dt

ð8Þ

ð9Þ

A rare mutant will invade the resident population at equilibrium if
λ0 4 0. Furthermore, at equilibrium, the condition λ ¼ 0 implies
that

γ

dp
¼ AðQ Þp
dt

ð12Þ

where the dependency on Q indicates that the matrix A depends
on local densities qS=I0 , qI=I0 , qI0 =I0 and also on some triple densities
qS=SI0 , qI0 =SI0 , etc.
If the mutant is rare or selection is weak, it can be shown that
the vector of local densities Q reaches a quasi-equilibrium on a fast
~
time scale. Then, A can be approximated by a constant matrix A,
and classical theory for class-structured populations (Taylor, 1990;
Charlesworth, 1994; Caswell, 2001) allows us to compute the
~
invasion ﬁtness as the dominant eigenvalue of A.

Early on in the development of spatial moment equations, it
has been noted that local densities tend to equilibrate on a fast
time scale compared to global densities (Matsuda et al., 1992; Van
Baalen and Rand, 1998; Dieckmann and Law, 2000; Ferrière and Le
Galliard, 2001). To understand why, let us consider the vector
T
q ¼ qS=I 0 qI=I0 qI0 =I0 . From the deﬁnition of local densities, we
dq
0
¼ Aq  λ q
dt

If the mutant is rare and the resident population is at equilibrium
(λ ¼ 0), the invasion ﬁtness (Metz et al., 1992; Geritz et al., 1998) is
simply given by the per-capita growth rate

q^ S=I ¼ :
β

From the pair dynamics, we can write the dynamics of p in matrix
form (Appendix A.4)

have q ¼ p=pI0 , which allows us to write the dynamics of q as

From these equations, we can deduce the change in the frequency
of mutant parasites, f ¼ pI0 =ðpI þ pI 0 Þ, which is

λ0 ¼ β0 qS=I0  γ 0 :

ð11Þ

3.3. Separation of time scales: quasi-equilibrium assumption

I now consider that hosts may be infected by two strains of
parasites. Hosts infected by the resident parasite (I) recover at rate
γ and transmit the disease at rate β. Hosts infected by the mutant
parasite (I 0 ) have epidemiological parameters γ 0 and β0 . The
dynamics of infected hosts is then

df
0
¼ f ð1  f Þðλ  λÞ
dt

xI 0 , where x A Ω. Hence
0
1
pSI0
Bp 0 C
p ¼ @ II A
pI 0 I 0

5

ð10Þ

In a resident population at equilibrium, the local density of susceptible hosts is simply given by the ratio of recovery and transmission rates. In a well-mixed population, an analogous relationship holds true for the global density of susceptible hosts in the
population.
In contrast with well-mixed populations, however, mutant
parasites will typically not experience the same density of susceptible hosts as resident parasites (qS=I0 a qS=I ). This difference in
the local amount of resources introduces an additional selective
pressure in space. In the remainder of this section, I will show how
analytical expressions for this new selective force can be derived
from spatial moment equations.
3.2. Invasion ﬁtness: pairs
Pair dynamics provide an alternative derivation of the invasion
ﬁtness. Consider the vector p that collects the densities of the pairs

ð13Þ

Coupled with equation
dpI0
0
¼ λ pI 0 ;
dt

ð14Þ

this gives another way of writing the system (12). Assuming that
selection is weak, as we did previously, the system becomes
pI 0
0
¼ ϵ ∂λ pI0 þ Oðϵ2 Þ
dt
dq
0
¼ ðA þ ϵ∂AÞq  ϵ∂λ q þ Oðϵ2 Þ
dt

ð15Þ

where A is computed in the neutral model (ϵ ¼ 0) and ∂A is the ﬁrstorder effect of selection of the matrix of pair transitions. It follows
that the dynamics of pI0 is OðϵÞ while the dynamics of q is Oð1Þ.
Therefore, the global density of mutants is a slow variable under
weak selection, whereas the local densities are fast variables.
Note that an analogous separation of time scales follows from
assuming that the mutant is rare (as assumed for instance in Van
Baalen and Rand, 1998; Ferrière and Le Galliard, 2001; Le Galliard
et al., 2003), but the weak selection assumption is in general
sufﬁcient. However, the separation of time scales introduced by
mutant rarity also allows the use of the quasi-equilibrium
assumption, and justiﬁes the use of the per-capita growth rate of
rare mutants away from the diagonal in pairwise-invasibility plots
typically used in adaptive dynamics (Geritz et al., 1998).
3.4. Invasion ﬁtness and selection gradient: quasi-equilibrium
assumption
The quasi-equilibrium assumption implies that Eq. (13) can be
set to zero. Hence
0
A~ q~ ¼ λ q~

ð16Þ

where the tilde notation indicates quasi-equilibrium values. The
latter equation shows, as expected, that the invasion ﬁtness is the
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~ with
dominant eigenvalue of the quasi-equilibrium matrix A,
~ A standard perturbation analysis
associated right eigenvector q.
leads to
~
v∂Aq
þ Oðϵ2 Þ
vq

λ0 ¼ ϵ

ð17Þ

and we can compute the selection gradient as a function of matrix
~ which gives the ﬁrst-order effect of selection on the matrix of
∂A,
pair transitions, and of the right and left leading eigenvectors
computed in the neutral model, q and v.
3.5. Genetic and demographic structure
3.5.1. Right eigenvector: asymptotic local structure
As noted by Van Baalen and Rand (1998), the right eigenvector
q can be thought of as a description of the local structure of the
invading cluster of mutants after initial transient dynamics have
decayed. For the SIS model, this vector can be written as follows:
0
1
q S=I0
Bq 0 C
ð18Þ
q ¼ @ I=I A
q I0 =I0
In general, the local densities depend on both genetic and demographic structure. However, in the neutral model, we can decouple
the two to a certain extent. A neutral mutant parasite will
experience the same density of susceptible hosts as a resident
parasite, hence q S=I0 ¼ q^ S=I , the equilibrium local density of susceptible hosts experienced by an average infected host in a
monomorphic population. Furthermore, the total density of
infected hosts experienced by a neutral mutant parasite is equal to
the local density of infected hosts experienced by an average
infected host at equilibrium, and therefore qI=I0 þ qI0 =I0 ¼ q^ I=I . Following Lion (2009) and Lion and Gandon (2009, 2010), I introduce
the following notation:
r¼

q I0 =I 0
q^ I=I

Then, q can be rewritten as
0
1
q^ S=I
B
C
q^ ð1  rÞ C
q ¼B
@ I=I
A
q^ I=I r

ð19Þ

the SIS model, this gives
v¼ 2

1

1

This result can be understood intuitively as follows. In the neutral
model, vII0 ¼ vI0 I0 ¼ v , where  denotes any infected site. Consider
a pair of infected sites in the neutral model. We want to express
the reproductive value of a parasite in such a pair as a function of
the reproductive value of a parasite which has a S neighbour. The
reproductive value of a parasite in one of the infected individual of
a  pair is
1
 ðthe amount of time spent as Þ
2
 ðthe rate of production of new S pairsÞ  vS
For the SIS model, the average duration of a  pair is 1=γ , while
the rate of production of new S pairs is γ . Hence, we have
1
v ¼ vS
2
This is a particularly simple result, but for other life cycles, the
vector of reproductive values may take more complex expressions
(Lion and Boots, 2010).
3.6. Spatial moment expansion of selective pressures
The next step of our approach is to expand the matrix ∂A~ to
decouple selective effects on second-order local densities (∂qx=y )
from selective effects on third-order local densities (∂qx=yz ). To
understand how we can do that, I shall again focus on the
SIS model.
As shown in Appendix A.4, the matrix A takes the following
form:
0
1
 β0 ðϕ þ ϕ qI 0 =SI0  ϕ qS=SI0 Þ  βϕ qI=SI0  γ 0
γ
γ0
B
C
B
ðβ þβ0 Þϕ qI=SI0
 γ  γ0
0 C
A¼B
C
@
A
0
0
0
0
0
 2γ
2β ðϕ þ ϕ qI =SI Þ
ð21Þ

ð20Þ

The latter equation allows us to express the right eigenvector as a
function of demographic measures (q^ S=I , q^ I=I ) which depend only
on the location of individuals, and of genetic measures (r) that
depends on the location of alleles. For the SIS model, we further
have q^ S=I ¼ 1  q^ I=I ¼ γ =β (Eq. (10).
More precisely, r is a measure of relatedness between parasites
among pairs of hosts (Van Baalen and Rand, 1998; Lion and van
Baalen, 2008; Lion, 2009; Lion and Gandon, 2009), and is identical
to other measures of identity in state used in population genetics
(Rousset, 2004; Lion, 2009). This provides the connection between
ecological models based on spatial moment equations, and inclusive ﬁtness theory. In both cases, weak selection ensures that the
selection gradient can be written as a function of reproductive
values, neutral measures of genetic structure (relatednesses), and
ﬁrst-order effects of selection on ﬁtness (Taylor and Frank, 1996;
Rousset and Billiard, 2000; Rousset, 2004; Taylor et al., 2007b).
3.5.2. Left eigenvector: reproductive values
The vector of reproductive values collects the individual
reproductive values of a mutant parasite in each of the various
pairs. In the neutral model, we can compute them as the left
eigenvector of the matrix A associated with the eigenvalue 0. For

Note that I have dropped the “tilde” notation for convenience. It
follows that the matrix ∂A giving the ﬁrst-order effect of selection
on pair transitions can be split into two components. The ﬁrst
matrix contains the perturbed terms up to the order of pairs
0
1
 ∂βðϕ þ ϕ q I 0 =SI0  ϕ q S=SI0 Þ ∂γ
0
∂γ
B
C
B
∂β0 ϕ q I=SI0
 ∂γ
0 C
∂A1  B
ð22Þ
C
@
A
0
2∂γ
2∂βðϕ þ ϕ q I0 =SI0 Þ
and the second matrix contains the
order
0
 ϕ βð∂qI0 =SI0 þ∂qI=SI0  ∂qS=SI0 Þ
B
B
2ϕ β∂qI=SI0
∂A2  B
@
2ϕ β∂qI0 =SI0

perturbed terms of higher0
0
0

0

1

C
0C
C
A
0

ð23Þ

The decomposition ∂A ¼ ∂A1 þ ∂A2 is exact in the sense that no
moment closure approximation is needed. This ﬂows directly from
the weak selection approximation.
Now, using the expressions for v and q, some algebra allows us
to rewrite Eq. (18) as


2q^ S=I
v∂A1 q
þ ϕβ
∂qS=SI0 þ Oðϵ2 Þ
λ0 ¼ ϵ
ð24Þ
vq
vq
0

In words, we have decoupled λ into a ﬁrst-order spatial component and a term that collects all higher-order spatial selective
pressures.
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For the SIS model, the ﬁrst-order spatial component of the
selection gradient can be computed exactly. Indeed, the expression
of ∂A1 depends on the triple local densities qS=SI0 , qI=SI0 and qI0 =SI0
evaluated in the neutral model at equilibrium. In the neutral
model, we have Aq ¼ 0, which can be rewritten as the system
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on a clustered network
0

1
1  q^ S=I
B1 r 1 þ q^  θC C
S=I
C
λ0 ¼ ϵB
B
C S0 þOðϵ2 Þ
@
A
1  θC

ϕ q S=SI0 ¼ q S=I0

ð25Þ

ϕ q I=SI0 ¼ q I=I0

ð26Þ

C¼ϕ

ϕ þ ϕ q I0 =SI0 ¼ q I0 =I0

ð27Þ

denotes the effect of clustering.
Three key lessons can be drawn from the latter equation:

ð33Þ

where

Using these relationships between second-order and third-order
measures of genetic and demographic structure, we can write Eq.
(24) as follows (Appendix A.5)
"
!
#
1  q^
2q^
λ0 ¼ ϵ 1  r ^ S=I S0 þ ϕ β ^S=I ∂qS=SI0 þ Oðϵ2 Þ
ð28Þ
1 þ q S=I
1 þ q S=I
where q^ S=I ¼ γ =β and

γ

S0 ¼ q^ S=I ∂β  ∂γ ¼ ∂β  ∂γ
β

ð29Þ

2q^ S=I q^ S=S
1 þ q^ S=I p^ S

1. Potential evolutionary endpoints are obtained by setting S0 ¼
q^ S=I ∂β  ∂γ to zero. Because q^ S=I ¼ γ =β, spatial structure has no
effect on the evolutionarily stable strategy of the parasite, which
is given by the marginal value theorem ∂β=β ¼ ∂γ =γ , as in a wellmixed population.
2. Genetic structure (r) only affects the rate of evolution; a higher
relatedness slows down the speed at which the evolutionary
attractor is reached.
3. Similarly, network clustering does not seem to affect the evolutionary endpoint, but only the rate of evolution.

is the selection gradient in the non-spatial model.
3.7. Moment closure approximations
Up to now, we have not used any approximation of the spatial
structure. Provided the network is large enough and mutation is
weak, Eq. (28) is an exact computation giving the direction of
selection. However, Eq. (28) still contains two unknowns, which
are the relatedness, r, and the selective pressure due to triple
correlations, ∂qS=SI0 . Moment closure approximations can be used
to make further progress.
3.7.1. Approximating the selective effect of higher-order correlations
On a random regular network, the local densities are generally
well approximated by the ordinary pair approximation, qx=yz  qx=y
(Matsuda et al., 1992; Rand, 1999; Van Baalen, 2000). Using this
moment closure, we obtain
qS=SI0  qS=S

ð30Þ

and as a consequence the impact of the mutant trait on the local
density qS=SI0 can be neglected. We thus have ∂qS=SI0  0.
However, ordinary pair approximation does not take into
account network clustering, as typically encountered on square or
triangular lattices. To deal with this limitation, Morris (1997), Rand
(1999), and Van Baalen (2000) introduced an improved pair
approximation for clustered networks. Let θ be the global clustering coefﬁcient of the network (the probability of ﬁnding a triplet in closed form). The improved pair approximation gives the
following estimate for qS=SI0


qS=I 0
qS=SI0  qS=S 1  θ þ θ
:
ð31Þ
pS
Note that the ordinary pair approximation is recovered for θ ¼ 0
(no clustering).
This improved approximation yields
∂qS=SI0  θ

qS=S
pS

∂qS=I0 :

ð32Þ

Plugging this relationship into Eq. (28), I show in Appendix A.5
that this yields the following expression for the selection gradient

These predictions are borne out by stochastic simulations on
random networks (θ ¼ 0) and square lattices (Lion, 2010; Lion and
Boots, 2010). It is important to note, however, that, for other life
cycles, the evolutionary endpoint is generically affected by spatial
structure, relatedness and network clustering (see e.g. Lion and
Boots, 2010 for an application of the present method to the SIRS
and SI models).
3.7.2. Approximating relatedness
If quantitative results are needed, relatedness can be computed
from the neutral model at equilibrium. Unfortunately, unlike in
models with constant population size where exact results and
methods are available for computing neutral measures of relatedness (reviewed in Rousset, 2004), no such results are currently
available for the SIS model. Lion (2009) gives two approximations
of relatedness in the SIS model (a pair approximation, which
underestimates the true value of relatedness, and a triple
approximation, which is more accurate). The pair approximation
can be obtained directly from Eq. (27) by setting qI0 =SI0 to zero, and
yields r ¼ ϕ=ð1  γ =βÞ. However, it is important to note that Eq. (27)
is only the starting point of an inﬁnite recursion linking neutral
measures of relatedness between individuals at different distances. Again, this is analogous to the recursion derived in population genetics to compute measures of genetic identities. Using
pair approximation amounts to breaking this recursion at secondorder. This introduces a bias that a triple approximation is in part
able to reduce (Lion, 2009).
3.7.3. The pros and cons of moment closure approximations
Although moment closure approximations are unavoidable,
there is some danger in using them as a starting point of the
analysis. After using the ordinary pair approximation directly in
∂A1 , for instance, the resulting matrix only depends on measures
of demographic structure qS=S and qI=S , and the impact of genetic
structure is apparently lost. This is due to the combination of
mutant rarity and pair approximation. The correct way to handle
this is to ﬁrst use the equilibrium relationships (25)–(27), which
are true for any network structure and any frequency of the
mutant. Apparent discrepancies between various published results
for the evolution of altruism have been shown to directly ﬂow
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from a misuse of pair approximation (see Lion and Gandon, 2009
for a discussion).
A general limitation of moment closure approximations for
invasion analyses is that their accuracy tends to decrease near
neutrality (Murrell et al., 2004; Lion and Gandon, 2009; Lion,
2009). This is the main reason why pair approximation performs
so badly when estimating neutral coefﬁcients of relatedness, even
on random networks (Lion, 2009). This has led to the suggestion
that the invasion ﬁtness of a mutant under neutrality can serve as
a good test of what constitutes a ‘good’ moment closure method
(Murrell et al., 2004). Further work is needed to improve the
accuracy of moment closure approximations in both discrete- and
continuous-space models.
3.8. Conclusion
The SIS model forms a baseline model for studying the evolution of parasite traits. The technique brieﬂy described in this
chapter can be used to explore more complex life cycles, at the
price of greater analytical developments. Mostly, this is an exercise
in bookkeeping and matrix algebra, although in general, a closed
solution (as in the SIS model) is beyond our reach. Nonetheless,
this approach may be used to obtain analytical expressions that,
although not fully solvable, yield qualitative insight into the effect
of spatial structure on the evolution of various life-history traits
(see e.g. Lion and Boots, 2010 for other host–parasite life cycles).

4. Discussion
4.1. Feedback loop between spatial ecology and evolution
Central to the recent progress of evolutionary ecology is the
recognition that selective pressures are shaped by ecological
conditions (e.g. population and environmental dynamics), and that
the evolution of traits in turn affects ecology through effects on
population density or resource availability. This feedback loop
between ecology and evolution requires us to adopt an ecological
deﬁnition of ﬁtness (Metz et al., 1992; Metz, 2008). In general,
ﬁtness will be a property of a given type in a given environment,
where the environment is deﬁned from a strictly individuallycentred perspective. The environment collects all the relevant
information necessary to compute the reproduction and survival
of individuals. This includes any effects external to the focal
population, and any direct effects of conspeciﬁcs. We may write
ﬁtness as ri ðEÞ, where i the focal (geno- or pheno-) type and E is a
vector describing the environment.
In spatially structured populations, the feedback loop between
ecological dynamics and evolution may be taken into account in
two ways. First, one may describe spatial structure as a form of
class structure, for instance by tracking the densities of demes
with different compositions (Metz and Gyllenberg, 2001; Ajar,
2003; Rousset, 2004; Rousset and Ronce, 2004). Alternatively, one
may only use class structure to describe differences between
individual of a given type that are unrelated to their spatial location, and take spatial structure into account only through the
environmental variable E. This is the approach I outline in this
review. By so doing, we obtain analytical expressions that retain
only the key ecological aspects of spatial structuring (e.g. qS=I0 in
the SIS model) and can be directly compared with the corresponding non-spatial expressions. This provides theoreticians with
a simple and direct way to “add space” to a well-understood nonspatial model, thereby shedding light onto how spatial structuring
shapes the feedback loop between ecology and evolution.

4.2. Decoupling genetic and ecological structuring
Spatially structured populations are structured at different
levels, which feed back on the evolution of traits. Spatial genetic
structuring describes the spatial distribution of alleles. In spatially
structured populations, mutant alleles are locally abundant, even
when they are globally rare, and this is a key departure from what
happens in well-mixed populations. Tracking the dynamics of
spatial genetic structure has long been a cornerstone of spatial
population genetics (Wright, 1943; Kimura, 1953; Malécot, 1975;
Rousset, 2004).
However, the selective pressures at work in natural populations
will generally be shaped by the interplay between genetic structuring (the spatial distribution of alleles) and demographic structuring (the spatial distribution of individuals) (Lion and Boots,
2010; Lion et al., 2011). In general, the joint action of the two
structuring processes will be difﬁcult to tease apart, as it is quite
clear that genetic structuring will be inﬂuenced by demographic
structuring.
Most population genetics models solve this conundrum by
positing that population size is constant (but see Rousset and
Ronce, 2004; Lehmann et al., 2006), thereby neglecting the role of
demographic structuring. This allows theoreticians to focus on
spatial genetic structuring only, but also neglects the feedback
between population dynamics and selection. The approach I present in this paper uses a weak selection argument to effectively
decouple the effects of genetic and demographic structuring in the
neutral process. An interesting application is to investigate the
impact of different levels of habitat saturation and epidemiological
dynamics on the evolution of traits (Lion and Gandon, 2009, 2010;
Lion and Boots, 2010).
4.3. The link with inclusive ﬁtness theory
There is a striking analogy with inclusive ﬁtness techniques
used to analyse evolution in spatially subdivided populations
(Rousset and Billiard, 2000; Rousset, 2004; Taylor et al., 2007a,b).
This is not surprising because both techniques use similar
approximations of the mutation process. In practice, the core of
inclusive ﬁtness theory (deriving the selection gradient as a
function of spatial measures of genetic structure in the neutral
process) matches exactly the approach we have described. Both
methods are also faced with the difﬁcult task of computing those
neutral measures of relatedness from the dynamics of the neutral
process. For models with demography, exact numerical solutions
exist for the inﬁnite island model (Rousset and Ronce, 2004;
Alizon and Taylor, 2008), but not for other models of spatial
structure. Moment closure approximations provide an alternative
path to computing approximations for these neutral measures of
genetic structure (Lion, 2009), but the scope of this approach is for
the moment limited to nearest-neighbour relatedness and to
simple spatial structure (such as random regular networks).
Potential extensions could build on other formalisms incorporating more complex dispersal kernels on networks (Ellner, 2001;
Filipe and Maule, 2003) and in continuous space (Bolker and
Pacala, 1997; Dieckmann and Law, 2000; Robledo-Arnuncio and
Rousset, 2010).
Nonetheless, spatial moment equations provide an alternative
route to the key insight of inclusive ﬁtness theory that selection
depends both on direct and indirect ﬁtness effects, and that
indirect ﬁtness effects should be weighted by measures of genetic
similarity. Because limited dispersal tends to produce genetic
correlations between individuals, it is not surprising that spatial
moment equations lead to expressions for the selection gradient
that depend on measures of relatedness. For evolutionary ecologists unfamiliar with the population genetics literature on
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inclusive ﬁtness, this provides perhaps a more intuitive way of
understanding how relatedness (or other measures of genetic
structure) arises from spatial ecological dynamics.
4.4. Biological applications: limitations and perspectives
Although I have focused on a simple biological model to illustrate the inner workings of the method, the approach described
here is more general and applies to any life cycle where events
only change the state of one site. In particular, the analysis
described above can be extended to account for a mixture of local
and global dispersal (Boots and Sasaki, 2000; Lion and Boots,
2010). With some additions, it can also be extended to events that
change the state of two sites at the same time, such as migration.
However, as life cycles become more complex, so does the
dimensionality of the matrix needed to represent mutant
dynamics. This typically hampers progress for many biological
scenarios of interest. Nonetheless, spatial moment equations have
been used to tackle a variety of biological questions. These include
the evolution of helping behaviours (Van Baalen and Rand, 1998;
Le Galliard et al., 2003, 2005; Ohtsuki et al., 2006; Lion and
Gandon, 2009, 2010), parasite traits (Boots and Sasaki, 1999, 2000;
Kamo and Boots, 2006; Kamo et al., 2007; Lion and Boots, 2010;
Messinger and Ostling, 2013; Webb et al., 2013), host defence
strategies (Brown and Hastings, 2003; Best et al., 2011; Débarre
et al., 2012), and dispersal (Harada, 1999; Le Galliard et al., 2005;
Kamo and Boots, 2006; Lion et al., 2006).
To date, the applicability of the method is bounded by three
main limitations. First, analytical simpliﬁcations are less straightforward when the focal population in structured in discrete classes
(e.g. juveniles and adults, treated and naive hosts). Although
analytical expressions for the selection gradient can be obtained
(Lion and van Baalen, 2007; Débarre et al., 2012; Zurita-Gutiérrez
and Lion, 2015), they depend on unknown variables that cannot be
easily expressed in terms of measures of genetic or demographic
structure, mostly because of the increased dimensionality of the
system. This calls for further work.
Second, the approach I have presented focuses on convergence
stability and yields prediction on the direction of selection and on
evolutionary singularities, but not on the stability of these singularities (Geritz et al., 1998). To determine whether the singularity corresponds to an ESS or a branching point, for instance, one needs to
compute the second-order effects of selection on invasion ﬁtness,
which typically requires us to compute relatedness coefﬁcients
between three individuals, as well as potential effects of selection on
genetic structure (i.e., neutral measures of relatedness are not sufﬁcient, Ajar, 2003). This area has been largely untouched, as
researchers typically rely on numerical integration or stochastic
simulations to check the stability of potential evolutionary endpoints.
Third, the accuracy and usefulness of pair approximations
remain open problems. The method I described in this paper relies
on measures of genetic and demographic structure computed at
neutrality, but pair approximation tends to perform badly in a
neutral model (Lion, 2009). When quantitative accuracy is sought,
this has motivated the use of a mixed approximation, where thirdorder spatial selective effects are neglected, but relatedness is
computed using a triple approximation in the neutral model (Lion
and Gandon, 2009). However, there is no guarantee that thirdorder spatial selective effects are always negligible. For instance, in
the absence of a trade-off between transmission and virulence,
selection for intermediate transmissibility can only be observed on
networks with sufﬁcient degrees of clustering (Haraguchi and
Sasaki, 2000; Lion and Boots, 2010).
This has led to the observation that the use of pair approximation
and other moment closure schemes is more an art than a science
(Bolker, 2004; Ovaskainen et al., 2014). Because moment closure is
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inevitable in spatial models, what is needed is a less heuristic and
more rigorous method to reduce the dimensionality of the system.
Recently, an alternative approach has been proposed that aims at
writing a perturbation expansion of spatial moment equations in
terms of a small parameter 1=L, where L is the characteristic length of
the dispersal kernel (Ovaskainen and Cornell, 2006; Cornell and
Ovaskainen, 2008; Ovaskainen et al., 2014). Although applications to
evolution have been limited so far (but see North et al., 2011; Barraquand and Murrell, 2012a,b), this looks like a promising avenue for
research. A further beneﬁt of this approach is that it can be applied to
continuous-space models, thus paving the way for a fruitful interaction between theoretical models, ﬁeld data and the statistical
theory of spatial point processes. Although, up to now, theoretical
studies of evolution in spatially structured populations have mainly
been applied to discrete space models, extensions to continuous
space would be a welcome addition to the literature.
4.5. Conclusion
Modelling approaches in evolutionary ecology all have their
strengths and limitations, but most importantly, they all rely on
some biological and mathematical assumptions that it is important to present explicitly. I have tried to clarify the assumptions
and limitations used in analyses based on spatial moment equations by showing how this framework ﬁts more broadly within
evolutionary game theory and adaptive dynamics. The links with
related approaches such as inclusive ﬁtness theory and population
genetics have been highlighted. My main message is that spatial
moment equations (especially pair models) should be viewed as
alternative spatial models, and not merely as approximations of
“real” spatial models. More than 20 years after their introduction
to spatial ecology, I think that, despite their limitations, spatial
moment equations are mature enough to be envisioned as a
credible alternative modelling approach to non-spatial evolutionary models, and as a fruitful technique with which to unravel
the tangled feedback loop between spatial ecology and evolution.
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Appendix A. Derivation of moment equations
A.1. Singlet equations
Our aim is to evaluate the expression for the generator (1) for
P
the function f ðσ Þ ¼ k ck ðσ Þ. Noting that
ck ðσ þ ðb  aÞei Þ ¼ ck ðσ Þ þðδcb  δca Þδik ;
where δij is Kronecker's symbol, Eq. (1) can be rewritten as
!
N
N
N
X
X
X
X X
a-b
a-c
c-a
ri
δcb  δca ¼
ri

ri
Lf ðσ Þ ¼
:
i ¼ 1 a;b A Ω

aAΩ

i¼1

i¼1

Taking the expectation over the RHS and plugging into Eq. (2), we
obtain
d〈c〉 X a-c
¼
〈r
〉  〈r c-a 〉 :
dt
aAΩ

ðA:1Þ
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2

A.2. Pair equations

¼ βE4

We now turn to the dynamics of the densities of cd pairs, using
the function f ðσ Þ ¼ c T Jd. We have
f ðσ þ ðb aÞei Þ ¼

N X
N
X

N X
N
X

J jk ðδcb  δca Þδij dk ðσ Þ þ

j¼1k¼1

N X
N
X

þ

N X
N
X

J jk cj ðσ Þðδdb  δda Þδik :

j¼1k¼1

¼

2
4

a;b A Ω j ¼ 1 k ¼ 1

þ

N X
N
X

3

aAΩ j ¼ 1 k ¼ 1

δ

δ

σÞ

þ

aAΩ j ¼ 1 k ¼ 1

N X
N
X

J jk r a-d
c j ðσ Þ 
k

N X
N
X X
bAΩ j ¼ 1 k ¼ 1
N X
N
XX
bAΩ j ¼ 1 k ¼ 1

J ij J jk ai bj ck :

d〈I : I〉
¼ 〈r S-I : I〉 þ 〈I : r S-I 〉 〈r I-S : I〉  〈I : r I-S 〉
dt
¼ 2βð/I : SS þ /I : S : ISÞ  2γ /I : IS:

J jk r d-b
cj ðσ Þ:
k

When the network is regular, we can obtain another, more interpretable formulation as follows. Dividing by the total number of
pairs, Nn, and rescaling the transmission rate β as a per-capita rate,
we have

J jk f j ðσ Þg k ðσ Þ;

we ﬁnally obtain
i
d〈c : d〉 X h a-c
¼
〈r
: d〉 þ 〈c : r a-d 〉 〈r c-a : d〉 〈c : r d-a 〉 :
dt
aAΩ

dpIS
¼ βϕ pISS þ γ pII  γ pIS  β ϕpIS þ ϕ pISI ;
dt
ðA:2Þ

A.3. Moment equations for the SIS model
For the SIS model, the expected dynamics of the number of
infected hosts is
d〈I〉
¼ 〈r S-I 〉  〈r I-S 〉
dt
with the following transition rates
N
X

J ij J jk I i Sj I k 5:

A similar equation can be obtained for the dynamics of II pairs, as
follows:

J jk r c-b
dk ðσ Þ
j

j¼1k¼1

¼β
r S-I
i

3

d〈I : S〉
¼ β/I : S : SS þ γ /I : IS  γ /I : SS  βð/I : SS þ /I : S : ISÞ:
dt

σ Þðδdb  δda Þ5

Replacing the dummy variable b by a and using the notation
〈f : g〉 ¼ E

N X
N X
N
X

Plugging these expressions in the equation for the dynamics of
〈I : S〉 yields

3

J jk r a-c
dk ðσ Þ 
j

N X
N
XX

J ij I i Sj 5

i¼1j¼1k¼1

J jk r a-b
ð cb  ca Þdk ð
j

J jk r a-b
cj ð
k

N X
N
XX

3

If a a c, this is the number of true triplets, ½a : b : c. However, if
a ¼ c, the above computation also includes the number of ab pairs
(triplets for which i ¼ k). In other words, we have
(
N X
N X
N
X
½a : b : c
if a a c;
J ij J jk ai bj ck ¼
½a : b þ ½a : b : c if a ¼ c:

j¼1k¼1

¼

J ij I i I j 5

i¼1j¼1

i¼1j¼1k¼1

J jk cj ðσ Þðδdb  δda Þδik 5

N X
N
X

3

Note that, for a set of indicator functions a; b; c, the number of abc
triplets is given by
N X
N X
N
X

i

j¼1k¼1

N X
N
X

i¼1j¼1k¼1

j¼1k¼1

X

 γ E4
 βE4

Plugging the result into Eq. (1), we obtain
2
N
N X
N
X
X
X
a-b 4
r
J jk ðδcb  δca Þδij dk ðσ Þ
Lf ðσ Þ ¼
i ¼ 1 a;b A Ω

N X
N
X

2




J jk cj ðσ Þ þ ðδcb  δca Þδij dk ðσ Þ þ ðδdb  δda Þδik

N X
N
X

2

2

J ij J ik I k Si Sj 5 þ γ E4

i¼1j¼1

j¼1k¼1

¼ f ðσ Þ þ

3

i¼1j¼1k¼1

J jk cj ðσ þ ðb  aÞei Þdk ðσ þ ðb  aÞei Þ

j¼1k¼1

¼

N X
N X
N
X

J ij I j Si

j¼1

r I-S
¼ γ Ii :
i
We thus have
2
3
"
#
N
N
N
X
X
d〈I〉 4 X
¼
β
J ij I j Si 5  E
γ Ii ¼ β/S : IS  γ /IS:
dt
i¼1 j¼1
i¼1
The dynamics of the expected number of infected hosts thus
depends on the dynamics of the number of connected pairs of
infected and susceptible hosts, 〈S : I〉. In turn, we can write down
this equation as follows:
d〈I : S〉
¼ 〈r S-I : S〉 þ 〈I : r I-S 〉 〈r I-S : S〉  〈I : r S-I 〉
dt

where ϕ ¼ 1=n and ϕ ¼ 1  ϕ. Alternatively, this is often written as
dpIS
¼ βϕ qI=SS pSS þ γ pII  γ þ β ϕ þ ϕ qI=SI
dt

pIS :

ðA:3Þ

The ﬁrst term on the RHS represents transition from SS to IS pairs
due to new infections from one of the infected individuals in the
neighbourhood of a susceptible host in a SS pair (there are ðn 1Þ
qI=SS such infected neighbours). The second term on the RHS
represents transition from II to IS pairs due to recovery. The third
term on the RHS represents the destruction of IS pairs, either due to
recovery (transition from IS to SS) or to infection (transition from IS
to II, either because of infection through the anchored infected
individual, or through one of the ðn  1ÞqI=SI infected neighbours).
Similarly, the dynamics of II pairs on a regular network can be
written as
dpII
¼ 2βðϕ þ ϕ qI=SI ÞpSI  2γ pII :
dt

ðA:4Þ

With practice, it is often straightforward (and faster) to write
down directly Eq. (A.3) and (A.4). An excellent vademecum on how
to do so can be found in Van Baalen (2000).
A.4. Invasion matrix
Let us now consider that the host population can be infected by
two parasite strains. We now have three states in the system
(Ω ¼ fS; I; I 0 g). To track the invasion dynamics of the mutant strain,
we need to follow the dynamics of the pairs SI 0 , II 0 and I 0 I 0 . Using
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the same method as above, we obtain the following system of
equations:
dpSI0
¼ βϕ qI0 =SS pSS þ γ pII0 þ γ 0 pI0 I0  γ 0 þβ0 ðϕ þ ϕ qI0 =SI0 Þ þ βϕ qI=SI0 pSI0
dt
ðA:5Þ
dpII0
¼ βϕ qI=SI0 pSI0 þβ0 ϕ qI0 =SI pSI  ðγ þ γ 0 ÞpII0
dt

ðA:6Þ

dpI 0 I0
¼ 2β0 ðϕ þ ϕ qI0 =SI0 ÞpSI0  2γ 0 pI0 I0 :
dt

ðA:7Þ

With the relationships pI0 SS ¼ qI0 =SS pSS ¼ qS=SI0 pSI0 and pI0 SI ¼ qI0 =SI pSI
¼ qI=SI0 pSI0 , this can be rewritten in matrix form,
0
1
pSI0
dB 0 C
@ pII A
dt
pI 0 I 0
0
B
B
¼B
B
@

βϕ qS=SI0  γ 0 þ β0 ðϕ þ ϕ qI0 =SI0 Þþ βϕ qI=SI0

γ

ðβ þ β0 Þϕ qI=SI 0

 ðγ þ γ 0 Þ

2β0 ðϕ þ ϕ qI0 =SI0 Þ

0

1

γ 0 C0 pSI0 1
C
0

 2γ 0

CB
p 0 C
C@ II A;
A p00
II

ðA:8Þ
where we recognise matrix A in the main text.
A.5. Selection gradient
Under weak selection, the matrix A can be partitioned into two
matrices ∂A1 and ∂A2 , the expressions of which are given in the
main text. Using the equilibrium relationships (25)–(27), the
matrix ∂A1 can be written as
0
1
 ∂βðq I0 =I0  q S=I0 Þ  ∂γ
0
∂γ
B
0
∂βq I=I
 ∂γ
0 C
∂A1 ¼ @
ðA:9Þ
A:
0
0
0
 2∂γ
2∂βq I =I
Left- and right-multiplying by the eigenvectors v and q, one
obtains
2q S=I0 þ q I=I0
v∂A1 q
¼
∂βq S=I0  ∂γ :
vq
2q S=I0 þ q I=I0 þ q I0 =I0

ðA:10Þ

With the relationships q S=I0 ¼ q^ S=I , q I=I0 ¼ q^ I=I ð1 rÞ and q I0 =I0 ¼ q^ I=I r,
one ﬁnally obtains
v∂A1 q 1 þ q^ S=I  q^ I=I r
¼
∂βq S=I0  ∂γ ;
vq
1 þ q^ S=I

ðA:11Þ

which is the ﬁrst term in Eq. (28). The second term depends on a
selective effect ∂qS=SI0 which can be estimated using the improved
0
pair approximation detailed in the main text. Noting ∂λ the
selection gradient, we then have two equations with two
0
unknowns (∂λ and ∂qS=I0 )
0

∂λ ¼ AS0 þ θCβ∂qS=I0 ;
0

∂λ ¼ S0 þ β∂qS=I0 ;
where the expressions and interpretations of A, S0 and C are given
in the main text.
The second equation comes from the expression of the percapita growth rate computed from the dynamics of the global
density pI0 (Eq. (9)). Eliminating ∂qS=I0 , we ﬁnally obtain
0

∂λ ¼

A  θC
S0 ;
1  θC

which is Eq. (33) in the main text.

ðA:12Þ

11

References
Abrams, P.A., 2001. Modelling the adaptive dynamics of traits involved in inter- and
intraspeciﬁc interactions: an assessment of three methods. Ecol. Lett. 4,
166–175. http://dx.doi.org/10.1046/j.1461-0248.2001.00199.x.
Ajar, É, 2003. Analysis of disruptive selection in subdivided populations. BMC Evol.
Biol. 3, 22. http://dx.doi.org/10.1186/1471-2148-3-22.
Alizon, S., Taylor, P.D., 2008. Empty sites can promote altruistic behaviour. Evolution
62, 1335–1344. http://dx.doi.org/10.1111/j.1558-5646.2008.00369.x.
Barraquand, F., Murrell, D.J., 2012a. Evolutionarily stable consumer home range size
in relation to resource demography and consumer spatial organization. Theor.
Ecol. 5. http://dx.doi.org/10.1007/s12080-011-0148-7.
Barraquand, F., Murrell, D.J., 2012b. Intense or spatially heterogeneous predation
can select against prey dispersal. PLoS ONE 7 (1), e28924. http://dx.doi.org/10.
1371/journal.pone.0028924.
Best, A., Webb, S., White, A., Boots, M., 2011. Host resistance and coevolution in
spatially structured populations. Proc. R. Soc. B 278, 2216–2222. http://dx.doi.
org/10.1098/rspb.2010.1978.
Bolker, B.M., 2004. Continuous-space models for population dynamics. In: Hanski,
I., Gaggiotti, O. (Eds.), Ecology, Genetics, and Evolution in Metapopulations.
Academic, New York, pp. 45–69.
Bolker, B.M., 1999. Analytic models for the patchy spread of plant disease. Bull.
Math. Biol. 61, 849–874. http://dx.doi.org/10.1006/bulm.1999.0115.
Bolker, B.M., Pacala, S.W., 1999. Spatial moment equations for plant competition:
understanding spatial strategies and the advantages of short dispersal. Am. Nat.
153 (6), 575–602. http://dx.doi.org/10.1086/303199.
Bolker, B., Pacala, S.W., 1997. Using moment equations to understand stochastically
driven spatial pattern formation in ecological systems. Theor. Pop. Biol. 52, 179–
197. http://dx.doi.org/10.1006/tpbi.1997.1331.
Boots, M., Sasaki, A., 1999. Small worlds and the evolution of virulence: infection
occurs locally and at a distance. Proc. R. Soc. B 266, 1933–1938. http://dx.doi.
org/10.1098/rspb.1999.0869.
Boots, M., Sasaki, A., 2000. The evolutionary dynamics of local infection and global
reproduction in host–parasite interactions. Ecol. Lett. 3, 181–185. http://dx.doi.
org/10.1046/j.1461-0248.2000.00139.x.
Brown, D.H., Hastings, A., 2003. Resistance may be futile: dispersal scales and selection
for disease resistance in competing plants. J. Theor. Biol. 222, 373–388.
Caswell, H., 2001. Matrix Population Models: Construction, Analysis, and Interpretation. Sinauer Associates, Sunderland MA, USA.
Champagnat, N., Méléard, S., 2007. Invasion and adaptive evolution for individualbased spatially structured populations. J. Math. Biol. 55, 147–188. http://dx.doi.
org/10.1007/s00285-007-0072-z.
Charlesworth, B., 1994. Evolution in Age-Structured Populations. Cambridge University Press, Cambridge, UKhttp://dx.doi.org/10.1017/CBO9780511525711.
Cornell, S.J., Ovaskainen, O., 2008. Exact asymptotic analysis for metapopulation
dynamics on correlated dynamic landscapes. Theor. Pop. Biol. 74, 209–225.
http://dx.doi.org/10.1016/j.tpb.2008.07.003.
Day, T., Proulx, S.R., 2004. A general theory for the evolutionary dynamics of
virulence. Am. Nat. 163 (4), E40–E63.
Débarre, F., Lion, S., van Baalen, M., Gandon, S., 2012. Evolution of host life-history
traits in a spatially structured host–parasite system. Am. Nat. 179, 52–63. http:
//dx.doi.org/10.1086/663199.
Dieckmann, U., Law, R., 2000. Relaxation Projections and the Method of Moments.
Cambridge University Press, Cambridge, UK, pp. 412–455 (Chapter 21).
Dieckmann, U., Law, R., Metz, J.A.J. (Eds.), 2000. Geometry of ecological interactions.
Simplifying spatial complexity. In: Cambridge Studies in Adaptive Dynamics.
Cambridge University Press, Cambridge, UK.
Eames, K.T.D., Keeling, M.J., 2002. Modeling dynamic and network heterogeneities
in the spread of sexually transmitted diseases. Proc. Natl. Acad. Sci. USA 99,
13330–13335. http://dx.doi.org/10.1073/pnas.202244299.
Ellner, S.P., 2001. Pair approximation for lattice models with multiple interaction
scales. J. Theor. Biol. 210, 435–447. http://dx.doi.org/10.1006/jtbi.2001.2322.
Ferrière, R., Le Galliard, J.F, 2001. Invasion Fitness and Adaptive Dynamics in Spatial
Population Models. Oxford University Press, Oxford, UK.
Filipe, J.A.N., Maule, M.M., 2003. Analytical methods for predicting the behaviour of
population models with general spatial interactions. Math. Biosci. 183, 15–35.
http://dx.doi.org/10.1016/S0025-5564(02)00224-9.
Geritz, S.A.H., Kisdi, É., Meszéna, G., Metz, J.A.J., 1998. Evolutionarily singular strategies and the adaptive growth and branching of the evolutionary tree. Evol.
Ecol. 12, 35–57. http://dx.doi.org/10.1023/A:1006554906681.
Harada, Y., 1999. Short- vs. long-range disperser: the evolutionarily stable allocation in a lattice-structured habitat. J. Theor. Biol. 201, 171–187. http://dx.doi.
org/10.1006/jtbi.1999.1022.
Haraguchi, Y., Sasaki, A., 2000. The evolution of parasite virulence and transmission
rate in a spatially structured population. J. Theor. Biol. 203, 85–96. http://dx.doi.
org/10.1006/jtbi.1999.1065.
Harris, T.E., 1974. Contact interactions on a lattice. Ann. Probab. 2, 969–988.
Jansen, V.A.A., Vitalis, R., 2007. The evolution of dispersal in a Levins’ type metapopulation model. Evolution, 61 (10), 2386–2397. http://dx.doi.org/10.1111/
j.1558-5646.2007.00201.x.
Kamo, M., Boots, M., 2006. The evolution of parasite dispersal, transmission, and
virulence in spatial host populations. Evol. Ecol. Res. 8, 1333–1347.
Kamo, M., Sasaki, A., Boots, M., 2007. The role of trade-off shapes in the evolution of
parasites in spatial host populations: an approximate analytical approach. J.
Theor. Biol. 244, 588–596. http://dx.doi.org/10.1016/j.jtbi.2006.08.013.

Please cite this article as: Lion, S., Moment equations in spatial evolutionary ecology. J. Theor. Biol. (2015), http://dx.doi.org/10.1016/j.
jtbi.2015.10.014i

12

S. Lion / Journal of Theoretical Biology ∎ (∎∎∎∎) ∎∎∎–∎∎∎

Keeling, M.J., Eames, K.T.D., 2005. Networks and epidemic models. J. R. Soc. Interface 2, 295–307. http://dx.doi.org/10.1098/rsif.2005.0051.
Kimura, M., 1953. Stepping stone model of population. Ann. Rep. Nat. Inst. Genet.
Jpn. 3, 62–63.
Konno, N., 1997. Lecture notes on interacting particle systems. In: Rokko Lectures in
Mathematics, vol. 3, Department of Mathematics, Kobe University. 〈http://
www.math.kobe-u.ac.jp/publications/rlm03.pdf〉.
Lande, R., 1976. Natural selection and random genetic drift in phenotypic evolution.
Evolution 30, 314–334.
Lande, R., Arnold, S.J., 1983. The measurement of selection on correlated characters.
Evolution 37, 1210–1226.
Law, R., Dieckmann, U., 2000. A dynamical system for neighborhoods in plant
communities. Ecology 81, 2137–2148.
Le Galliard, J.F., Ferrière, R., Dieckmann, U., 2003. The adaptive dynamics of altruism
in spatially heterogeneous populations. Evolution 57, 1–17. http://dx.doi.org/
10.1111/j.0014-3820.2003.tb00211.x.
Le Galliard, J.F., Ferrière, R., Dieckmann, U., 2005. Adaptive evolution of social traits:
origin, trajectories, and correlations of altruism and mobility. Am. Nat. 165,
206–224. http://dx.doi.org/10.1086/427090.
Lehmann, L., Perrin, N., Rousset, F., 2006. Population demography and the evolution
of helping behaviours. Evolution 60, 1137–1151. http://dx.doi.org/10.1111/
j.0014-3820.2006.tb01193.x.
Leventhal, G.E., Hill, A.L., Nowak, M.A., Bonhoeffer, S., 2015. Evolution and emergence of infectious diseases in theoretical and real-world networks. Nat.
Commun. 6, 6101. http://dx.doi.org/10.1038/ncomms7101.
Liggett, T.M., 1985. Interacting Particle Systems. Springer, New-York, USA.
Lion, S., 2009. Relatedness in spatially structured populations with empty sites: an
approach based on spatial moment equations. J. Theor. Biol. 260 (1), 121–131.
http://dx.doi.org/10.1016/j.jtbi.2009.05.035.
Lion, S., 2010. Evolution of reproductive effort in viscous populations: the importance of population dynamics. J. Evol. Biol. 23, 866–874. http://dx.doi.org/
10.1111/j.1420-9101.2010.01952.x.
Lion, S., Boots, M., 2010. Are parasites prudent in space? Ecol. Lett. 13 (10),
1245–1255. http://dx.doi.org/10.1111/j.1461-0248.2010.01516.x.
Lion, S., Gandon, S., 2009. Habitat saturation and the spatial evolutionary ecology of
altruism. J. Evol. Biol. 22, 1487–1502. http://dx.doi.org/10.1111/j.1420-9101.2009.
01769.x.
Lion, S., Gandon, S., 2010. Life history, habitat saturation and the evolution of
fecundity and survival altruism. Evolution 64 (6), 1594–1606. http://dx.doi.org/
10.1111/j.1558-5646.2009.00933.x.
Lion, S., Jansen, V.A.A., Day, T., 2011. Evolution in structured populations: beyond
the kin versus group debate. Trends Ecol. Evol. 26 (4), 193–201. http://dx.doi.
org/10.1016/j.tree.2011.01.006.
Lion, S., van Baalen, M., 2007. From infanticide to parental care: why spatial
structure can help adults be good parents. Am. Nat. 170 (2), E26–E46. http://dx.
doi.org/10.1086/519462.
Lion, S., van Baalen, M., 2008. Self-structuring in spatial evolutionary ecology. Ecol.
Lett. 11 (3), 277–295. http://dx.doi.org/10.1111/j.1461-0248.2007.01132.x.
Lion, S., van Baalen, M., Wilson, W.G., 2006. The evolution of parasite manipulation
of host dispersal. Proc. R. Soc. B. 273, 1063–1071. http://dx.doi.org/10.1098/
rspb.2005.3412.
Malécot, G., 1975. Heterozygosity and relationship in regularly subdivided populations. Theor. Pop. Biol. 8, 212–241.
Matsuda, H., Ogita, N., Sasaki, A., Sato, K., 1992. Statistical mechanics of population.
Prog. Theor. Phys. 88 (6), 1035–1049. http://dx.doi.org/10.1143/PTP.88.1035.
Messinger, S., Ostling, A., 2013. The inﬂuence of host reproduction, host death and
pathogen virulence on the evolution of pathogen transmission in a spatial
context. Evol. Ecol. 27, 353–380. http://dx.doi.org/10.1007/s10682-012-9594-y.
Metz, J., 2008. Fitness. In: Jãrgensen, S.E., Fath, B.D. (Eds.), Encyclopedia of Ecology.
Academic Press, Oxford, UK, pp. 1599–1612. http://dx.doi.org/10.1016/B978008045405-4.00792-8.
Metz, J.A.J., Gyllenberg, M., 2001. How should we deﬁne ﬁtness in structured
metapopulation models? Including an application to the calculation of evolutionarily stable dispersal strategies. Proc. R. Soc. B 268, 499–508. http://dx.doi.
org/10.1098/rspb.2000.1373.
Metz, J.A.J., Nisbet, R.M., Geritz, S.A.H., 1992. How should we deﬁne ﬁtness for
general ecological scenarios? Trends Ecol. Evol. 7 (6), 198–202. http://dx.doi.
org/10.1016/0169-5347(92)90073-K.

Morris, A.J., 1997. Representing Spatial Interactions in Simple Ecological Models (Ph.
D. thesis). University of Warwick.
Murrell, D.J., Dieckmann, U., Law, R., 2004. On moment closures for population
dynamics in continuous space. J. Theor. Biol. 229 (3), 421–432. http://dx.doi.
org/10.1016/j.jtbi.2004.04.013.
Neuhauser, C., 1992. Ergodic theorems for the multitype contact process. Probab.
Theory Rel. 91, 467–506. http://dx.doi.org/10.1007/BF01192067.
North, A., Cornell, S., Ovaskainen, O., 2011. Evolutionary responses of dispersal
distance to landscape structure and habitat loss. Evolution 65, 1739–1751. http:
//dx.doi.org/10.1111/j.1558-5646.2011.01254.x.
Ohtsuki, H., Hauert, C., Lieberman, E., Nowak, M.A., 2006. A simple rule for the
evolution of cooperation on graphs and social networks. Nature 44, 502–505.
http://dx.doi.org/10.1038/nature04605.
Ovaskainen, O., Cornell, S.J., 2006. Space and stochasticity in population dynamics.
Prpc. Natl. Acad. Sci. USA 103, 12781–12786. http://dx.doi.org/10.1073/
pnas.0603994103.
Ovaskainen, O., Finkelshtein, D., Kutoviy, O., Cornell, S., Bolker, B., Kondratiev, Y.,
2014. A general mathematical framework for the analysis of spatiotemporal
point processes. Theor. Ecol. 7, 101–113. http://dx.doi.org/10.1007/
s12080-013-0202-8.
Rand, D.A., 1999. Correlation equations and pair approximation for spatial ecologies. In: McGlade, J. UK, pp. 100–142.http://dx.doi.org/10.1002/9781444311501
(Chapter 4).
Robledo-Arnuncio, J.J., Rousset, F., 2010. Isolation by distance in a continuous
population under stochastic demographic ﬂuctuations. J. Evol. Biol. 23 (1),
53–71. http://dx.doi.org/10.1111/j.1420-9101.2009.01860.x.
Rousset, F., 2004. Genetic Structure and Selection in Subdivided Populations.
Princeton University Press, Princeton, NJ, USA.
Rousset, F., Billiard, S., 2000. A theoretical basis for measures of kin selection in
subdivided populations: ﬁnite populations and localized dispersal. J. Evol. Biol.
13 (5), 814–825. http://dx.doi.org/10.1046/j.1420-9101.2000.00219.x.
Rousset, F., Ronce, O., 2004. Inclusive ﬁtness for traits affecting metapopulation
demography. Theor. Pop. Biol. 65 (2), 127–141. http://dx.doi.org/10.1016/j.
tpb.2003.09.003.
Sato, K., Matsuda, H., Sasaki, A., 1994. Pathogen invasion and host extinction in
lattice structured populations. J. Math. Biol. 32, 251–268. http://dx.doi.org/
10.1007/BF00163881.
Taylor, P.D., 1990. Allele-frequency change in a class-structured population. Am.
Nat. 135 (1), 95–106. http://dx.doi.org/10.1086/285034.
Taylor, P.D., Day, T., Wild, G., 2007a. Evolution of cooperation in a ﬁnite homogeneous graph. Nature 447, 469–472. http://dx.doi.org/10.1038/nature05784.
Taylor, P.D., Day, T., Wild, G., 2007b. From inclusive ﬁtness to ﬁxation probability in
homogeneous structured populations. J. Theor. Biol. 249, 101–110. http://dx.doi.
org/10.1016/j.jtbi.2007.07.006.
Taylor, P.D., Frank, S.A., 1996. How to make a kin selection model? J. Theor. Biol. 180
(1), 27–37. http://dx.doi.org/10.1006/jtbi.1996.0075.
Tilman, D., Kareiva, P. (Eds.), 1997. Spatial ecology. The role of space in population
dynamics and interspeciﬁc interactions. In: A Good Reference for the Global
Field of Spatial Ecology. Princeton University Press, Princeton, NJ, USA.
Van Baalen, M. 2000. Pair approximations for different spatial geometries. In:
Dieckmann, U., Law, R., Metz, J.A.J. (Eds.) The Geometry of Ecological Interactions: Simplifying Spatial Complexity, vol. 742. Cambridge University Press,
Cambridge, pp. 359–387.
Van Baalen, M., Rand, D.A., 1998. The unit of selection in viscous populations and
the evolution of altruism. J. Theor. Biol. 193, 631–648. http://dx.doi.org/
10.1006/jtbi.1998.0730.
Webb, S.D., Keeling, M.J., Boots, M., 2013. The role of spatial population structure on
the evolution of parasites with acquired immunity and demography. J. Theor.
Biol. 324, 21–31. http://dx.doi.org/10.1016/j.jtbi.2013.01.015.
Wright, S., 1943. Isolation by distance. Genetics 28, 114–138.
Zurita-Gutiérrez, Y., Lion, S., 2015. Spatial structure, host heterogeneity and parasite
virulence: implications for vaccine-driven evolution. Ecol. Lett. 18, 779–789.
http://dx.doi.org/10.1111/ele.12455.

Please cite this article as: Lion, S., Moment equations in spatial evolutionary ecology. J. Theor. Biol. (2015), http://dx.doi.org/10.1016/j.
jtbi.2015.10.014i

